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Abstract

This study considers the job scheduling problem of minimizing the weighted waiting time variance (WWTV) of jobs. It
is an extension of WTV minimization problems in which we schedule a batch of n jobs, for servicing on a single resource, in
such a way that the variance of their waiting times is minimized. WWTV minimization finds its applications for job sched-
uling in manufacturing systems with earliness and tardiness (E/T) penalties, in computer and networks systems for the sta-
bilized QoS, and in other fields where it is desirable to minimize WWTV of jobs with different weights for priorities. We
formulate a WWTV problem as an integer programming problem, prove the V-shape property for agreeably weighted
WWTV problems and the nondelay property for general WWTV problems, and discover the strong V-Shape tendency
of the optimal job sequences for this problem. Two job scheduling algorithms, Weighted Verified Spiral (WVS) and
Weighted Simplified Spiral (WSS), are developed for the WWTV problems. Numerical testing shows that WVS and
WSS significantly outperform existing WWTV algorithms.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Weighted waiting time variance (WWTV); Quality of service (QoS); Just-in-time (JIT); Job scheduling
1. Introduction

The single machine weighted waiting time variance (WWTV) minimization problem, denoting by
1kWWTV, is to schedule the jobs in a batch on a single machine so as to minimize the weighted waiting time
variance of the jobs as follows:
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where P is the set of all the permutations of the n jobs, vi(k) is the weight of the job on position i to indicate its
priority, Wi(k) is the waiting time of the job on position i and W ðkÞ is the weighted average waiting time of the
jobs for a given sequence k. A greater value of vi means a higher priority. It is an extension of the WTV problem
in which jobs are considered to have the same weight (Merten & Muller, 1972; Ye, Li, Xu, & Farley, 2006).

WWTV minimization has many applications in different fields. WWTV problems are closely related to
weighted common due date problems. A weighted common due date problem can be modeled as finding
an optimal common due date, d, to minimize the mean squared deviation (MSD),

P
viðW i � dÞ2. It can be

obtained as ð
P

v�i W �
i Þ=
P

v�i , where v�i and W �
i are the weight and waiting time of the jobs in the optimal

WWTV sequence, respectively, since MSD is the second moment about d. The connection between the
WWTV minimization problems and the weighted common due date problems suggests the applicability of
putting WWTV minimization for scheduling problems with earliness and tardiness (E/T) penalties in manu-
facturing systems (Baker & Scudder, 1990; Cheng & Gupta, 1989; Verma & Dessouky, 1998). This is an exten-
sion of the relationship between the WTV problem and common due date problem or mean squared deviation
(MSD) problem (Bagchi, Sullivan, & Chang, 1987; Cheng & Gupta, 1989; Cheng & Kovalyov, 1996; Cheng,
Chen, & Shakhlevich, 2002; Panwalker, Smith, & Seidmann, 1982). It is shown that the CTV problem is equiv-
alent to the unconstrained version of the mean squared deviation minimization problem (Bagchi et al., 1987).

In addition to applications to job scheduling for E/T minimization in manufacturing systems, WWTV is in
connection with providing stabilized Quality of Service (QoS) in computers and networks (Ye et al., 2006). For
instance, the data packets from WTV-sensitive applications (audio or video players) should have higher pri-
orities of data transmission against other data packets (emailing or web browsing) arriving at a router. It is
desirable to minimize the weighted WTV of the data packets to stabilize the router so that higher priority data
packets get more consistent service performance or stable QoS. WWTV minimization may also find applica-
tion in other service facilities where it is desirable to serve the jobs with different weights in stability.

The authors (Merten & Muller, 1972) first introduce the weighted variance minimization for file organiza-
tion problems in which it is desirable to treat user’s requests to data file in a stable manner. They propose a
problem model that involves arbitrary job processing times and weights. One special case of the model, in
which the jobs have equal weights, has received extensive studies since then. The authors (Merten & Muller,
1972) find that a sequence minimizing the variance of flow-time or completion time is antithetical to a
sequence minimizing the variance of waiting time if the jobs have the same weight. An optimality condition
of a WTV problem is shown in (Cai, 1996; Eilon & Chowdhury, 1977; Mittenthal, Raghavachari, & Rana,
1995) that the optimal sequence must be V-shaped, which means that the jobs before the job with the shortest
processing time are sorted in a descending order while the jobs after the smallest job are sorted in an ascending
order. The author (Schrage, 1975) considered the optimal sequences for problems with up to five jobs and
showed that the longest job must be the first to be processed to minimize the completion time variance
(CTV). The author (Schrage, 1975) conjectured the positions of the three longest jobs which were proven
in (Hall & Kubiak, 1991). A counter example shows that the conjecture about the fourth longest job is incor-
rect in (Kanet, 1981). The author in (Kubiak, 1993) proves that the CTV problem on a single machine is NP-
hard. The bounds for the position of the smallest job in the CTV problem are established in (Manna & Prasad,
1999). The author in (Kubiak, 1995) formulates the CTV problem as a problem of maximizing a zero-one qua-
dratic function which is a sub-modular function with a special cost structure. The variance of job completion
time with bi-criteria extension is investigated in (De, Ghosh, & Wells, 1992, 1996). A branch and bound algo-
rithm to minimize CTV is given in (Viswanathkumar & Srinivasan, 2003) and a tabu search-based solution is
developed in (Al-Turki, 2001). The pseudo polynomial algorithms and fast polynomial approximation
schemes for CTV minimization problems are given in (Cheng & Kovalyov, 1996; Kubiak, Cheng, & Kov-
alyov, 2002; Manna & Prasad, 1997). A sufficient optimality condition for stochastic CTV is discussed in
(Cai, 1996). More heuristic methods are developed for CTV/WTV problems in (Al-Turki, Fediki, & Andijani,
2001; Eilon & Chowdhury, 1977; Gowrishankar, Rajendran, & Srinivasan, 2001; Kanet, 1981; Sharma, 2002;
Vani & Raghavachari, 1987; Ye et al., 2006).

We can see that there are extensive studies in the literature about WTV problems. However, studies on the
WWTV problem are limited. The author in (Cai, 1995) considers the minimization of ‘‘agreeably weighted’’
completion time variance on a single machine. The ‘‘agreeably weighted’’ setting means that pi < pj implies
vi P vj, where pi, vi, pj and vj are the processing time and the weight of job i and j, respectively. This indicates
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that a smaller job has a greater weight value for a higher priority. The agreeably weighed condition is a strong
assumption. In many cases, the weights of the jobs are independent of the processing times of the jobs.

In this paper, we will address how to reduce WWTV under different weighted scenarios including the special
case studied in (Cai, 1995). The rest of the paper is organized as follows. In Section 2, we give a mathematical
formulation of the WWTV problem. In Section 3, we prove the V-shape property for agreeably weighted
WWTV problems and nondelay property for general WWTV problems and analyze the optimal sequences
of general WWTV problems and find the strong V-Shape tendency of the optimal sequences in a general sense.
Two heuristic methods are developed to construct job sequences for a WWTV problem. The testing results are
given in Section 5. In Section 6, we conclude this paper.
2. Mathematical formulation

Suppose that there are n jobs in a batch ready to be released to a single machine, and the weight and pro-
cessing time of each job are given. The jobs will be processed on a single machine which can process one job at
a time. No preemption is allowed, and there is no setup time for each job. There are n! possible permutations
of job sequences. The problem is to determine the optimal job sequence, which minimizes the weighted waiting
time variance.

We formulate the problem as an integer programming problem. The decision variables are binary variable,
xij. xij takes the value of 1 if job j is processed at position i of a job sequence, and 0 otherwise. There are n

positions in a job sequence. The job to be processed first is located at position 1, the job to be processed second
at position 2, and so on. The processing time of job i is pi and its weight is vi. We don not use wi notation for
the weight of a job to avoid confusion with Wi which is used for the waiting time a job. The weights of the jobs
are positive numbers. The waiting time of the job to process at position i is Wi.

Objective Function:
Minimize :
1

n� 1

Xn

i¼1

Xn

j¼1

xijvjðW i � W Þ2 ð2Þ
Subject to:
Xn

j¼1

xij ¼ 1; i ¼ 1; 2; . . . ; n ð3Þ

Xn

i¼1

xij ¼ 1; j ¼ 1; 2; . . . ; n ð4Þ

xij 2 f0; 1g; i; j ¼ 1; 2; . . . ; n ð5Þ

W i ¼ W i�1 þ
Xn

j¼1

ðxi�1;j � pjÞ; i ¼ 2; 3; . . . ; n ð6Þ

W ¼ 1Pn
k¼1vk

Xn

i¼2

Xn

j¼1

xijvjW i ð7Þ
The objective is to minimize the variance of weighted waiting times of the jobs. Eq. (3) describes the constraint
that each position can be taken by only one job. Eq. (4) indicates that each job can be assigned to only one
position. Eq. (5) is the binary constraint. Eq. (6) defines the waiting time of the jobs at position i (i P 2), which
is the waiting time of the job at position i � 1 plus the processing time of the job at position i � 1. Note that
the waiting time of the first job to be processed is 0. Eq. (7) gives the weighted mean waiting times of the jobs.
3. V-shape property and tendency

A V-shaped structure in the optimal sequence of equally weighted WTV problems is discovered in (Eilon &
Chowdhury, 1977). A V-shaped policy means that in terms of job processing time, pi, the jobs before the short-
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est job are in descending order while the jobs after it are in ascending order. Cai (1995) shows that an optimal
sequence of weighted completion time variance problems is V-shaped in terms of weighted processing time if
the job-dependent weights are agreeable, in the sense that jobs with smaller processing times possess larger
weights.

In the following, we will first prove that the optimal sequence for 1kWWTV is also V-shaped in terms of
weighted processing time pi/vi if the jobs are agreeably weighted. Then we will prove the nondelay property
and investigate the V-shape tendency for general WWTV problems.

3.1. V-shape property for agreeably weighted WWTV problems

Theorem 1. The optimal sequence for 1kWWTV is V-shaped in terms of weighted processing times if pi < pj

implies vi P vj, ", i,j.

Proof. By contradiction. Suppose a sequence k that is not V-shaped is optimal. There must be at least three
adjacent jobs, say i, j, and k, such that pj/vj > pk/vk and pj/vj > pi/vi (see Fig. 1).

Let k 0 be the sequence obtained by performing a pairwise interchange on jobs i and j, and let W 0
q,

q = 1,2, . . . ,n, be the waiting times under k 0. We have W 0
i ¼ W i þ pj, W 0

j ¼ W j � pi, and W 0
q ¼ W q for q 5 i, j.

Thus we get W 0 ¼ ð1=V Þ
Pn

q¼1vqW q ¼ W þ D, where D = (1/V)(vipj�vjpi) and V ¼
Pn

q¼1vq. We calculate the
difference of the WWTVs under the sequences k 0 and k as follows.
ðn� 1ÞðWWTV0 �WWTVÞ ¼
Xn

q¼1

vq½ðW 0
q � W 0Þ2 � ðW q � W 2Þ�

¼
Xn

q¼1

vq½ðW 0
q � W 0 þ W q � W ÞðW 0

q � W q þ W � W 0Þ�

¼ vipjð2W i þ pj � 2W � DÞ � vjpið2W j � pi � 2W � DÞ
¼ 2viðW i � W jÞ þ vjpiðpi � pjÞ � Dðvipj � vjpiÞd
þ ðvipj � vjpiÞð2W j þ pj � 2W Þ ð8Þ
Note that Wi < Wj, pi < pj, and vipj > vjpi since it is agreeably weighted. It is easy to verify that if
pj 6 2ðW � 2W jÞ we have WWTV 0 �WWTV 6 0.

Similarly, one may prove that if pj > 2ðW � 2W jÞ a pairwise interchange of jobs j and k will produce less
WWTV than sequence k.
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Fig. 1. An illustration of V-shape violation.
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In summary, if pj 6 2ðW � 2W jÞ, swapping jobs i and j will reduce WWTV(k); if pj > 2ðW � 2W jÞ,
swapping jobs j and k will reduce WWTV(k). This contradicts the optimality of k and completes the proof of
the theorem. h

Corollary 1. If vi = vj, "i and j, any optimal sequence of 1kWWTV must be V-shaped in terms of processing time
pi.

Corollary 2. If pi = pj, "i and j, any optimal sequence of 1kWWTV must be V-shaped in terms of weight vi.

Corollery 2 is the V-shape property proved in (Eilon & Chowdhury, 1977) for equally weighted WTV
problem. For general 1kWWTV problem, meaning that the weight and the processing time of the jobs
are not correlated, the V-shape property of the optimal sequence does not hold universally which can be
easily shown by an counter example. For agreeably weighted WWTV problems, thanks to the V-shape
property we can find out one optimal sequence in 2n�1 steps since job 2 must be either immediately prior
to job 1 or after job 1; job 3 must be either immediately prior to jobs 1 and 2, and so on provided that pi/
vi < pi+1/vi+1. It is computational challenging to construct an optimal sequence for a WWTV problem with
the increase of job size n. Actually a WWTV problem is NP-hard since it can reduce to a WTV problem
which has been already proven to be NP-hard in (Kubiak, 1993). More properties of the optimal sequence
of general WWTV problems are in need. We will analyze the structure of the optimal sequence for general
1kWWTV problem in the next sub-section.

3.2. Nondelay property and V-shape tendency for general WWTV problems

Lemma 1. Any idleness between jobs in a job sequence of 1kWWTV deteriorates the WWTV.

That is, an insertion of an idle time between the processing of any two jobs will lead to larger WWTV than
that of the sequence without idleness between jobs. In practice, the idle time can be the release date rj of a job
or the time when the machine is kept idle.

Proof. Suppose a sequence k as the job sequence for a WWTV problem. There is no idle time between the
processing of any consecutive jobs under k. An idle time g is inserted after job i in k and we name the new
sequence as k

0
, 1 6 i < n. n is the number of jobs. Let W 0

q, q = 1,2, . . . ,n, be the waiting times under k 0. We
have W 0

q ¼ W q for q = 1,2, . . ., i and W 0
q ¼ W q þ g for q = i+1, i+2, . . . ,n. Hence, we have

W 0 ¼ ð
Pn

q¼1vqW 0
qÞ=
Pn

q¼1vq= W þ D;D ¼ ðg
Pn

q¼iþ1vqÞ=
Pn

q¼1vq. Thus, we can calculate the difference of
WWTV 0 and WWTV as follows:
ðn� 1ÞðWWTV0 �WWTVÞ ¼
Xn

q¼1

vq½ðW 0
q � W 0Þ2 � ðW q � W 2Þ�

¼
Xn

q¼iþ1

½2vqDðW q � W Þ� þ
Xn

q¼iþ1

vqDðg� DÞ ð9Þ
We have g P D since D ¼ gð
Pn

q¼iþ1vqÞ=
Pn

q¼1vq. So, in Eq. (9)
Pn

q¼iþ1vqDðg� DÞP 0. Now we showPn
q¼iþ1½2vqDðW q � W Þ�P 0. For k, there must exist k such that W k < W and W kþ1 P W . If i > k, W q > W

and apparently
Pn

q¼iþ1½2vqDðW q � W Þ� > 0 for q > i. If i 6 k,
Pn

q¼iþ1½2vqDðW q � W Þ�PPn
q¼i½2vqDðW q � W Þ�P � � �P

Pn
q¼1½2vqDðW q � W Þ� ¼ 0. This completes the proof. h

Theorem 2. The optimal sequence for 1kWWTV is a nondelay schedule.

A schedule is called nondelay if no machine is kept idle while an operation is waiting for processing (Pin-
edo, 2002). Theorem 2 shows that there is no idleness between the processing of the jobs in any optimal
sequence for 1kWWTV. The proof follows from Lemma 1 and is omitted.

The V-shape property is of great help to construct a promising sequence for agreeably weighted WWTV
problem. However, obviously agreeably weighted setting is a very strong assumption which can be easily
violated in the real world. Here, we will consider another case of the weight situation where pi < pj implies
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vi 6 vj and a generalized weight situation in which the processing times and weights are not related. Hence, we
have three scenarios:

• Positively correlated weight (PW): pi < pj implies vi 6 vj

• Negatively correlated weight (NW): pi < pj implies vi P vj

• Random weight (RW)

The NW scenario is the agreeably weighted settings in (Cai, 1995) for weighted CTV problems and previous
sub section.

We define nine small problems shown in Table 1. Table 1 shows the nine instances we used to investigate the
WWTV problem. These problems are originally investigated in our studies on WTV problems (Ye et al.,
2006). The processing times of the jobs in problems 1 through 4 are integers. There are 5, 6, 9 and 10 jobs
in problems 1 through 4, respectively. The processing times of the problems 1–4 are arbitrarily chosen. The
processing times of the jobs in problem 5 are uniformly distributed between 1 and 10. The processing times
of the jobs in problem 6 are exponentially distributed with k = 5. The processing times of the jobs in problem
7 follow a normal distribution with mean 5 and standard deviation 1. Problems 8 and 9 are originally from
(Eilon & Chowdhury, 1977).

We use a uniform distribution to generate random numbers between 1 and 11 as the weights of the jobs in
Table 2. The range of weight between 1 and 11 is arbitrarily chosen. The assignments of the weight to the
problems in the RW scenario are presented in the Table 2. For the PW and NW scenarios, we use the same
weights for each problem but the assignment of the weights is changed accordingly. In PW scenarios, pi > pj

implies vi > vj "i and j. In NW scenarios, pi > pj implies vi < vj "i and j. For example, the weight of 10.12 is
assigned to the job with processing time of 2 in problem 1 under the RW scenario while it is assigned to
the job with processing time of 4 under the PW scenario.
Table 1
Small-size problems for WWTV minimization

Job number and processing times

P# 1 2 3 4 5 6 7 8 9 10

1 2 5 3 6 4
2 5 2 6 7 4 3
3 7 3 6 4 2 10 8 9 5
4 5 3 6 2 7 10 8 4 9 11
5 4.67 8.96 9.09 1.91 8.77 4.44 1.13 6.37 2.25 9.63
6 1.12 0.09 0.68 1.84 0.06 5 0.25 3.03 0.15 0.41
7 5.24 6.2 4.77 3.72 6.73 3.91 4.7 2.82 6.1 6.28
8 9 8 25 21 100 7 13 41 5 10
9 8 13 1 5 19 10 2 18 9 16

Table 2
Weight assignment for small-size problems (RW scenario)

Job positions and weights

P# 1 2 3 4 5 6 7 8 9 10

1 10.12 3.57 4.79 10.85 10.34
2 7.41 4.2 2.23 9.85 1.29 5.91
3 3.61 10.78 5.75 3.28 7.8 9.73 6.85 8.71 7.81
4 1.15 9.9 10.04 4.85 1.6 7.18 4.83 3.11 1.42 6.38
5 3.85 4.97 1.59 1.13 6.17 4.45 6.28 10.2 2.11 9.7
6 5.34 7.25 10.72 7.13 4.3 2.96 8.37 2.31 6.87 3.49
7 1.97 8.76 8.27 9.42 8.84 6.35 3.37 3.05 3.64 7.4
8 10.04 1.55 5.11 4.56 2.69 8.27 3.54 6.06 10.38 1.1
9 3.25 3.57 10.38 5.99 2.95 5.07 6.6 7.71 9.14 4.93
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To gain insights into the properties of WWTV problems, we obtain the optimal sequences and weight
assignment of NW, PW, and RW scenarios by enumerating all the possible job sequences for each problem.
The plots of the weighted processing times of the optimal sequences are shown in Figs. 2 and 3 for PW and
RW scenario, respectively. Note that we only show the problems with V-shape violations. From this point on,
we use the term ‘‘processing time’’ to denote the original processing time of a job and use ‘‘weighted processing
time’’ of a job to represent the ratio of its processing time over its weight. In Figs. 2 and 3, the horizontal
dimension represents the position of a job in an optimal job sequence and the vertical dimension represents
the weighted processing time of the job. The following observations are made from the optimal job sequences.

• The largest job is not necessary placed at the last position in the WWTV problems, although in optimal
sequences of WTV problems the largest job is always placed at the last position of the optimal job sequence
(Schrage, 1975; Ye et al., 2006). For example, we find that for problem 5 in the NW scenario, the largest job
is placed at the first position, not the last position.

• The job with largest weighted processing time is not always placed at the last position of the optimal job
sequence as well. In the optimal sequences of problem 1 in PW scenario, the job with the largest weighted
processing time is placed at the first position instead of the last position.

• We notice that the WTV ‘‘dual’’ property (Merten & Muller, 1972) does not hold when different weights are
involved. The dual sequences of a WWTV problem generally yield a different WWTV value. The dual
sequence of a WTV sequence is to reverse the original sequence except the last job. For instance, sequence
(1,2, . . . ,n � 1,n) has a dual sequence (n � 1,n � 2, . . . , 1,n). Dual sequences yield the same WTV value.
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Fig. 2. Weighted processing times column plots of optimal sequences for the problems in the PW scenario. Problems with V-shape
violations are depicted.
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Fig. 3. Weighted processing times column plots of optimal sequences for the problems in the RW scenario. Problems with V-shape
violations are presented.
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For example, the dual sequences of a WTV problem (5, 4, 2, 3, 6) and (3, 2, 4, 5, 6) both yield WTV of 29.7.
However, in PW scenario sequence (5, 4, 2, 3,6) yields WWTV of 292.76 which is different from the WWTV
value of 209.74 by sequence (3, 2, 4, 5, 6).

• The V-shape property does not hold in the optimal sequences of WWTV problem in terms of weighted pro-
cessing time in the PW and RW scenario. For instance, the sequences of problem 3 in the PW scenario and
problem 4 in the RW scenario are not V-shaped.

• The optimal sequences in the NW scenario still have the V-shape property in terms of weighted processing
times. The plots of the weighed processing times in the optimal sequences in Fig. 3 show strong V-shape
tendencies. The optimal sequences of problem 1, 2, 5, 6, 7, 8, and 9 are V-shaped in the RW scenario.
For problems 3, 4, and 5 in the PW scenario whose optimal sequences are not V-Shaped, only a few jobs
violate the V-shape property while the other jobs hold the V-shaped tendencies and their neighbors have
very close weighted processing times.

From the above observations we can see that most of the properties of the optimal sequences of WTV prob-
lems do not hold any more for the optimal sequences of WWTV problems. However, we still find the strong V-
shape tendency of the optimal sequences in the PW and RW scenarios of the WWTV problems. These findings
are also observed from more testing problems which we do not include here. Hence, based on the V-shape
tendency, we develop two job scheduling methods to generate good sequences for general WWTV problems.
4. Development of heuristic scheduling methods for WWTV problems

4.1. Algorithms

The V-shape property of the agreeably weighted WWTV problems and the strong V-shape tendency of the
optimal sequences of general WWTV problems gives us some insights into how to construct a promising
sequence. If we take the weighted processing times of a WWTV problem as the processing times in a WTV
problem, somehow we can transform a WWTV problems into a WTV problems. In (Ye et al., 2006), the
authors propose highly efficient heuristic methods called the Balanced Spiral (BS) and Verified Spiral (VS)
to reduce the WTV of equally weighted jobs on a single machine. Inspired by these methods, we develop
two heuristic methods for WWTV problems: the Weighted Verified Spiral (WVS) algorithm and the Weighted
Simplified Spiral (WSS) algorithm.

Given a set of jobs J = {J1,J2, . . . ,Jn} to be processed on a single resource, the processing time of job Ji is pi

and its weight is vi correspondingly, i = 1 to n. Without the loss of generality, we assume that pi
vi
6

pj

vj
, "i < j.

The steps in the WVS algorithm is described below:
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1. The initial job sequence X has no jobs in it, and there are n jobs in the job pool J to be scheduled.
2. Remove jobs J1, Jn�1, and Jn from the job pool J and put to the job sequence, X, so that X = {Jn�1,J1,Jn}.

Define two sub-sequences R and L such that R = L = X. Job pool J becomes {J2,J3, . . . ,Jn�2}.
3. Remove the job with the largest weighted processing time from the right side of the job pool J. Try to place

the job exactly before job J 01 in sub sequence L and calculate the weighted waiting time variance WWTVL.
Try to place the job exactly after job J1 in R and calculate the weighted waiting time variance WWTVR. If
WWTVL is less than WWTVR, let job sequence X = L; otherwise X = R. Update sub sequences L and R

such that L = R = X.
4. Repeat Step 3 until the job pool is empty and get the job sequence, X.

The WVS algorithm produces a job sequence with the V-shape property for a WWTV problem. Note the
sorting criteria used in WVS is on weighted processing times instead of processing times in the original VS
algorithm. Another difference of WVS from VS is that WVS does not start from a job sequence of
{n � 2,1,n � 1,n}. WVS starts from a job sequence of {n � 1,1,n}. The reason for this modification is from
the observations of the optimal sequences which reveal that the second largest job in weighted processing time
does not have to be the last but one. For WTV problems, there always exists an optimal sequence with
{n � 2, . . . ,n � 1,n} (Hall & Kubiak, 1991). However, this does not generally hold for WWTV problems.

We notice that the WVS algorithm needs to calculate WWTV of sub sequences R and L to decide the inser-
tion position of each job in step 3, which adds the computational cost. Hence, we develop a simplified algo-
rithm called Weighted Simplified Spiral (WSS) method which needs less computation as follows:

1. The initial job sequence, X, has no jobs in it, and there are n jobs in the job pool J to be scheduled. Define
the empty sub-sequences L and R.

2. Remove the job with the largest weighted processing time from the right side of the job pool, J, insert it to
the head of the sub-sequence, R.

3. Remove the job with the largest weighted processing time from the right side of the job pool J, append it to
the tail of the sub-sequence, L.

4. Repeat step 2 and 3 till the job pool is empty. The final job sequence is the union of sub-sequences L and R
as X = L + R.

Job sequence X by WSS produces a job sequence of {Jn�1, Jn�3, . . . ,Jn�2,Jn} with the V-shape property in
a symmetric manner. We can see that WSS is more efficient than WVS in terms of the computational cost since
it does not need to compute WWTV in each step. It can be easily seen that the time complexity of WSS algo-
rithm takes O(n logn) while WVS algorithms takes O(n2).

To test the performance of the WVS and WSS algorithms, we will compare them with the First-In-First-
Out (FIFO) and Weighed Shortest Processing Time first (WSPT) (Pinedo, 2002) scheduling methods in the
next section. FIFO, often referred to as ‘‘a random sequence’’ in the single machine deterministic scheduling
literature, is probably the most commonly used scheduling method in many application fields of the real
world. FIFO dispatching rule is usually used in a dynamic environment. We implement FIFO in such a
way that the order to process the jobs is the same as the order that the jobs are generated. That is, the jobs
are processed in an ‘‘as is’’ sequence. The reason we choose WSPT is that WSPT gives the optimal weighted
mean waiting time or WMWT and we may want to see how WSPT performs for WWTV problems. We will
compare WVS and WSS with WSPT to see how much WMWT is sacrificed when we attempt to reduce
WWTV.

4.2. Test problems

The nine small-size problems in Table 1 are used to test the performance of the FIFO, WSPT, WVS, and
WSS for job scheduling. We also generate larger-scale problems in which the job processing times follow
different probability distributions. We use the normal, exponential, uniform, and Pareto distributions since
normal, exponential, and uniform distributions are commonly found in job scheduling problems (von Segg-
ern, 1993). The authors in (Arlitt & Williamson, 1996) argue that file sizes on the web follow the Pareto
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distribution. We set the mean parameter of normal distribution to 576 and standard deviation parameter to
100. When generating the value of a job processing time from the normal distribution, we check whether or
not a job’s processing time is a positive value and replace it with a small value of 0.01 if a generated value is
not positive since we require a job processing time must be greater than zero. However, while generating job
processing times using the normal distribution, all values turn out to be positive. The mean of job process-
ing times is set to 576 for an problem whose jobs have exponentially distributed processing times. We set the
interval of the uniform distribution to (64, 1088). The shape parameter of the Pareto distribution is set to
1.4 and the scale parameter is set to 164.57 for problems with Pareto distributed job size. We choose 576 as
the mean processing time because it is the default IP datagram size on the Internet (Postel, 1983). For each
distribution, we generate 1000 problems and there are 100 jobs in each problem.

5. Testing results and discussions

For the small-size problems, we compare the job sequences produced by WVS, WSS, FIFO, and WSPT
with the optimal sequences analyzed in the last section. For the larger-size problems, we compare WWTVs
of the job sequences produced by the four job scheduling methods among themselves since it is highly com-
putationally challenging to enumerate all the sequences of many jobs in a large-scale WWTV problem and
obtain the optimal job sequence.

5.1. Performance results for small-size problems

For a given small-size problem, let WWTVOPT denote WWTV of the optimal sequence, and let WWTVs be
WWTV of the job sequence produced by job scheduling method s, where s represents FIFO, WSPT, WSS, or
WVS. We define the percentage value of Weighted Waiting Time Variance Difference (WWTVD) of WWTVs

from WWTVOPT as follows:
WWTVDs ¼
WWTVs �WWTVOPT

WWTVOPT

� 100% ð10Þ
Hence, WWTVDs indicates how close WWTVs is to WWTVOPT. A smaller value of WWTVD indicates a bet-
ter performance of a job scheduling method for a WWTV problem. Similarly, we define the weighted mean
waiting times (WMWT) of the jobs and the percentage of Weighted Mean Waiting Time Difference
(WMWTD) of WMWTs from WMWTWSPT. It can be easily verified that WSPT rule produces optimal
WMWT. WMWTD indicates how much WMWT is sacrificed to achieve WWTV minimization.
WMWT ¼
Pn

i¼1viW iPn
i¼1vi

WMWTDs ¼
WMWTs �WMWTWSPT

WMWTWSPT

� 100%
Table 3 shows the performance results of FIFO, WSPT, WSS, and WVS for the nine small-size problems. In
the PW scenario, WSS and WVS outperform FIFO and WSPT for each small-size problem by producing a
smaller WWTVD. For WSS, the WWTVD of the nine problems are less than 20% except problem 1 and 8
while WWTVDs of five problems are smaller than 10%. For WVS, the WWTVD for six of the nine problems
are less than 5%.

In the NW scenario, WVS outperforms other scheduling methods in that it gives optimal WWTV for four
problems and its WWTVD for eight out of the nine problems are less than 1%, followed by WSS. FIFO yields
WWTV values of more than 100% for eight out of the nine problems. For problem 6, FIFO produces WWTV
values that are 14 times larger than WWTV of WVS.

In the RW scenario, WVS produces WWTV closer to the optimal WWTV for each testing problem
than the other scheduling methods, followed by WSS and WSPT. WVS gives optimal WWTV for problem
one and nine. For the small-size testing problems, the WMWTDs of WVS and WSS are comparable to
that of FIFO.



Table 3
Performance results of small-size problems

P# FIFO WSPT WSS WVS

WMWTD (%) WWTVD (%) WWTVD (%) WMWTD (%) WWTVD (%) WMWTD (%) WWTVD (%)

PW

1 18.54 46.41 51.39 6.72 22.12 6.72 22.12
2 13.37 24.50 50.47 14.91 16.56 20.87 4.74
3 6.77 14.81 6.70 7.09 7.15 5.58 4.73
4 21.45 15.58 34.31 12.97 5.64 15.23 2.34
5 15.91 33.75 27.79 9.55 11.03 16.27 4.86
6 80.68 254.75 43.17 61.71 2.24 60.63 1.97
7 11.11 41.82 19.03 15.44 6.40 21.87 3.02
8 48.13 248.76 23.50 14.16 23.26 7.10 10.87
9 10.28 14.13 23.50 13.72 9.17 12.39 8.35

NW

1 70.16 176.44 28.81 76.29 0.96 69.07 0
2 171.29 349.53 46.55 123.94 0.89 123.94 0.89
3 59.49 116.40 53.43 81.50 0.25 75.26 0.05
4 60.41 150.44 76.00 157.56 0.48 147.43 0.95
5 235.36 186.90 88.18 182.00 3.35 173.62 3.08
6 448.83 1147.85 85.98 337.67 5.60 289.51 0
7 71.16 68.05 44.22 64.12 0.07 63.63 0
8 409.49 1581.34 65.13 229.15 2.49 194.00 0.14
9 99.65 134.67 87.53 131.39 1.98 113.03 0

RW

1 59.93 126.42 44.45 28.61 0 28.61 0
2 54.58 175.11 26.83 65.08 11.72 58.80 6.35
3 43.53 54.53 61.26 34.29 6.07 34.11 5.85
4 45.17 122.57 77.22 92.65 31.51 79.04 12.01
5 98.67 80.55 59.90 57.54 28.84 43.92 16.10
6 271.86 1024.77 95.85 266.05 4.32 230.70 2.90
7 32.95 33.14 35.26 31.29 4.42 31.29 4.42
8 230.48 859.20 96.08 61.41 7.28 81.38 1.50
9 103.57 108.46 92.27 74.39 0.08 75.49 0
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We conduct computational cost analysis for the above methods. The time complexity is O(n!) for exhaustive
enumeration to obtain the optimal solution in the PW and RW scenarios. In the NW scenario, thanks to the
V-shape property, we need to search only V-shaped sequences for the optimum and thus the time complexity
of the algorithm can be reduced to O(2n). The time complexity of WVS and WSS algorithms are O(n2) and
O(n logn), respectively. WSPT takes time O(n logn) and FIFO takes time O(1). Thus, there is a trade-off
between the performance and computational cost.

5.2. Performance results of larger-size problems

We compare each pair of the four scheduling methods in their performance by computing the percentage of
the 1000 problems for a given distribution for which one method in the pair produces better results (smaller
WWTV) than another. For example, in Table 4, the last column of the RW scenario for the Pareto data shows
100%, 100%, and 82.3%, which means WVS produce smaller WWTV than FIFO and WSPT for each of the
1000 problems and for 82.3% of the problems WVS produces smaller WWTV than WSS.

From Table 4 we can see that WVS outperforms the other scheduling methods in the PW and RW scenarios
regardless of the distribution of the job processing times. In the NW scenario, WSS outperforms other sched-
uling methods regardless of the distribution of the job processing times. WVS and WSS produce smaller
WWTV than FIFO for every test problem regardless of the weight scenario and the distribution of the job
processing times.



Table 4
Percentage performance comparison for larger-size problems with the normal distribution of job processing times

Normal Exponential

WSPT (%) WSS (%) WVS (%) WSPT (%) WSS (%) WVS (%)

PW

FIFO 100 100 100 100 100 100
WSPT 100 100 100 100
WSS 98.9 71

NW

FIFO 100 100 100 100 100 100
WSPT 100 100 100 100
WSS 78.1 47

RW

FIFO 100 100 100 99.80 100 100
WSPT 100 100 100 100
WSS 86.50 72.60

Uniform Pareto

WSPT (%) WSS (%) WVS (%) WSPT (%) WSS (%) WVS (%)

PW

FIFO 37.6 100 100 100 100 100
WSPT 100 100 100 100
WSS 53.1 84.7

NW

FIFO 100 100 100 100 100 100
WSPT 100 100 100 100
WSS 50.4 38.2

RW

FIFO 100 100 100 100 100 100
WSPT 100 100 99.9 100
WSS 73.0 82.30
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We also compare the mean of WWTV by FIFO, WSPT, WSS, and WVS for the problems with different
distributions in different weight scenarios. The mean WWTV is calculated as the average WWTV of the
1000 problems for each weight scenario, each scheduling rule, and each processing time distribution.

Fig. 4(a) shows the comparison of mean WWTV for the larger problems in the PW scenario. For the prob-
lems with uniformly distributed job processing times, FIFO and WSPT produce about the same mean
WWTV. Regardless of the distribution, the mean WWTV of WVS and WSS are smaller than those of FIFO
and WSPT.

Fig. 4(b) shows the mean WWTV of the scheduling methods in the NW scenario. FIFO produces about the
same mean WWTV for the problems with the normal, exponential, and uniform distributions. WSS and WVS
produce smaller mean WWTV than WSPT and FIFO.

Fig. 4(c) shows the performance comparison results in the RW scenario. FIFO produces about the same
mean WWTV in the normal, exponential, and uniform distributions. WSPT produces less mean WWTV
for the problems with the Pareto distribution. The mean WWTV of WSS are about 57%, 32%, 47%, and
8% smaller than those of FIFO for the problems with the normal, exponential, uniform, and Pareto distribu-
tions, respectively.

In the PW, NW, and RW scenarios, we can see that WVS and WSS produce smaller WWTV than those of
FIFO and WSPT. The improvement made by WSS and WVS is especially greater for the Pareto distribution.
In overall, FIFO produces larger WWTV than those of WVS and WSS. WSPT yields smaller WWTV than
FIFO. For all the problems, WVS and WSS have similar performances. WVS produces less WWTV in the
PW and RW scenarios than WSS. WSS produces smaller WWTV in the NW scenarios. However, the differ-



Fig. 4. Mean WWTV of larger-scale problems.
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ence of the WWTV between WVS and WSS is small. Similar to the small-size problems, there also exists a
trade-off between the performance and computational time. WVS takes more computational time with better
performance than other methods. WSS takes less computational time than WVS with a comparable
performance.

We also compare the standard deviation of WWTV for the larger-scale problems as shown in Table 5. WSS
and WVS produce the smaller standard deviation of WWTV than FIFO and WSPT for the problems in the
PW, NW, and RW scenarios. WSPT produces the smaller standard deviation of WWTV than FIFO except for



Table 6
Computational times of the scheduling methods (in milliseconds)

Number of jobs FIFO WSPT WSS WVS

10 0.00 0.00 0.05 0.31
50 0.00 0.00 0.05 1.35

100 0.00 0.21 0.1 3.07
500 0.00 2.5 3.39 45

1000 0.1 12.66 13.59 163.28
5000 0.42 336.41 334.06 3859.58

Computational complexity O(1) O(n logn) O(n logn) O(n2)

Table 5
Standard deviation of WWTV for the larger-scale problems

Normal Exponential Uniform Pareto

PW

FIFO 1.17E+08 3.61E+08 1.91E+08 2.81E+10
WSPT 9.94E+07 3.08E+08 1.92E+08 1.97E+08
WVS 1.05E+08 2.25E+08 1.90E+08 1.23E+08
WSS 1.05E+08 2.25E+08 1.90E+08 1.24E+08

NW

FIFO 1.40E+08 4.18E+08 2.34E+08 2.63E+10
WSPT 9.25E+07 1.52E+08 1.62E+08 5.98E+07
WVS 7.61E+07 6.49E+07 8.82E+07 2.91E+07
WSS 7.61E+07 6.49E+07 8.82E+07 2.91E+07

RW

FIFO 1.26E+08 3.95E+08 2.15E+08 2.83E+10
WSPT 9.80E+07 2.50E+08 1.78E+08 1.44E+08
WVS 8.78E+07 1.26E+08 1.21E+08 7.37E+07
WSS 8.79E+07 1.27E+08 1.21E+08 7.61E+07
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the uniform distribution in the PW scenario in which they have similar standard deviation of WWTV. We
notice that FIFO produces large standard deviation of WWTV for the Pareto distribution. For instance,
the standard deviation of FIFO is about 371 times larger than that of WSS in RW scenario for Pareto data
set. In Figs. 4(a–c) and Table 5, we observe that WSS and WVS consistently produce smaller WWTV than
FIFO and WSPT.

5.3. Computational cost of job scheduling methods

Table 6 shows the computational time of running the algorithms of the scheduling methods. We implement
the scheduling algorithms on a PC with a 1.9 GHZ CPU and 1 G RAM. Problems with different numbers of
jobs from 10 to 5000 are measured. We run 100 problems for each level of the number of jobs and show the
average computational time in Table 6. We can see that FIFO takes less computational time than the other
scheduling methods, followed by WSPT and WSS. WVS takes more computational time than the others. Since
the time taken to sort the jobs in their weighted processing times are included in the total computational time,
the result confirms the above computational complexity analysis. For a problem with the number of jobs less
than 100, WVS uses about less than 3 milliseconds to generate a good schedule. This shows that our algo-
rithms are practically useful and can be easily implemented.

6. Conclusion

In this study we investigate the weighted waiting time variance minimization problem for a single resource
on computers and networks. We formulate this problem as an integer programming problem, prove the
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V-shape property for agreeably weighted WWTV problems and nondelay property for general WWTV prob-
lems, find the V-Shape tendency of the optimal sequences of general WWTV problems, and develop Weighted
Verified Spiral (WVS) and Weighted Simplified Spiral (WSS) heuristic methods. We test small-size and larger-
size problems in which the processing times of the jobs follow different distributions. We test three weight sce-
narios: the weights and processing times of the jobs are positively, negatively, and randomly correlated. For all
the testing problems, WVS and WSS methods are able to produce smaller WWTV than FIFO and WSPT.
WVS outperforms WSS in the PW and RW scenarios while WSS can further reduce WWTV than WVS under
NW weight scenario for Pareto and exponentially distributed testing problems. WSS can be applied to job
scheduling on computer and network resources due to its computational efficiency and comparable perfor-
mance to that of WVS.

There are wide applications of WSS and WVS to schedule jobs to receive services from computer and net-
work resources for providing QoS stability and performance dependability for jobs requesting services. For
instance, WSS and WVS algorithms can be applied to a router to reduce the weighted waiting time variance
of the data packets, a web server to schedule the web requests, and so on. Although we develop WVS and WSS
in the context of Quality of Service on computers and networks, these job scheduling methods for service sta-
bility are also applicable to job scheduling problems in many other application fields that demand for service
stability and performance dependability. For example, WVS and WSS can be applied to manufacturing pro-
duction planning for scheduling jobs in a batch on a manufacturing machine.

Further research can be undertaken to investigate PmkWWTV and QmkWWTV problems in which multiple
machines are involved. It is of interest to find out whether the nondelay property of the optimal sequence of
1kWWTV still holds under multiple machine environment and to develop fast algorithms for PmkWWTV and
QmkWWTV.
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