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Abstract

Assume that reduction of compound lotteries fails so that, in the
Anscombe-Aumann framework, individuals treat horse lotteries sepa-
rately from the roulette lotteries. Applying the von Neumann-Morgenstern
axioms to roulette lotteries and the Savage axioms to horse lotteries
yields a second-order expected utility specification. Specifically, the
decision maker forms a subjective second-order probability distribu-
tion over objective probability distributions and possesses two von
Neumann-Morgenstern utility functions, one governing risk attitudes
and one governing ambiguity attitudes.
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1 Introduction

One of the famous problems that highlights the difference between risk and
ambiguity (or uncertainty) is the two-color Ellsberg problem (see Ellsberg,
1961). A decision maker is faced with two urns. The first urn contains
50 red and 50 yellow balls, and the second contains 100 balls but in an
unknown mixture of red and yellow. The decision maker will be paid $10 if
she can draw a yellow ball and must choose from which urn to draw. The
first urn generates a known payoff distribution, so it is risky, but the second
urn generates an unknown payoff distribution, so it is ambiguous. Subjects
systematically avoid the ambiguous urn in favor of the risky urn, thereby
creating the need for a model of choice behavior which can accommodate the
distinction between risk and ambiguity.

Researchers have used two methods to generalize the subjective expected
utility model to allow for ambiguity aversion. One approach is based on non-
additive probabilities, and examples can be found in Gilboa (1987), Schmei-
dler (1989), Gilboa and Schmeidler (1989), and Sarin and Wakker (1992).
The alternative approach, which has generated considerable recent interest,
is based on second-order probabilities, or subjective probability distributions
defined over objective probability distributions. An early example of this
research can be found in Hazen (1987), and more recent work (conducted in-
dependently from the current paper) can be found in Ergin and Gul (2004),

Klibanoff, Marinacci, and Mukerji (2005), Maccheroni, Marinacci, and Rus-



tichini (2006), Nau (2006), Strzalecki (2007), Ahn (2008), and Chew and
Sagi (2008). At its most basic level, the second-order probability approach

yields a preference function representation of the form?

wio) = [u( [uwie) ) du) 1)

where the state of nature s determines the objective probability distribution
¢(s) over payoffs z, u is the subjective probability distribution over states of
nature, u is a von Neumann-Morgenstern utility function governing attitudes
toward risk, and w is another utility function, this time governing attitudes
toward ambiguity. The overall preference function W is defined over the ob-
ject of choice ¢, which is an assignment of objective probability distributions
to states of nature. We call preferences that have the representation in (1)
second-order expected utility preferences.

The purpose of this paper is to provide an axiomatic framework for mod-
els of ambiguity aversion using second order probabilities. It adds to the
literature cited above by presenting a particularly simple axiomatization.
The primitives for the model are the horse lotteries and roulette lotteries of
Anscombe and Aumann (1963), and the paper applies Savage’s (1954) axioms
to the Anscombe-Aumann horse lotteries in order to obtain the probability

measure p over states.’?

! As noted by others, this functional specification is also proposed by Kreps and Porteus
(1978) for the analysis of dynamic choices under risk.

2Roulette lotteries are lotteries in which the probability distribution is known. Horse
lotteries are lotteries in which the distribution of outcomes is unknown and the outcomes



One of the key assumptions of this model is that horse lotteries and
roulette lotteries are treated separately by decision makers. Similar as-
sumptions are made by Segal (1987), Hazen (1987), Sarin and Wakker (1992),
Ergin and Gul (2004), Klibanoff, Marinacci, and Mukerji (2005), and Nau
(2006). In the framework used here, the individual faces a horse lottery
whose outcomes are roulette lotteries, or risks. If the individual forms sub-
jective probabilities over the possible roulette lotteries, then it is possible to
reduce the compound horse/roulette lottery to a single subjective probability
distribution. This reduction returns us to the Anscombe and Aumann sub-
jective expected utility model, though, and therefore cannot accommodate
ambiguity aversion. Throughout the paper, then, it is necessary to assume
that compound horse/roulette lotteries are not reduced.®> Because horse lot-
teries and roulette lotteries are treated separately by decision makers, risk
attitudes and ambiguity attitudes can be different.

This paper is similar to one by Hazen (1987), who uses a different set of
axioms to produce a more general preference function which he calls subjec-
tive weighted linear utility. Its relation to the model proposed here is the
same as the relation between Chew’s (1983) weighted utility model and the
expected utility model of decisions toward risk. Hazen (1989) shows how his

model can be used to discuss ambiguity aversion, and Hazen and Lee (1991)

are roulette lotteries. Acts are lotteries in which the distribution of outcomes is unknown
and the outcomes are (monetary) payoffs. Savage (1954) originally applied his axioms to
acts.

3For more on reduction of compound lotteries, see Segal (1990).



discuss comparative ambiguity aversion. The main difference between the
work presented here and Hazen’s work is that here the subjective expected
utility functional form is retained (albeit in a modified form), thus simplify-
ing the extensions of results from the subjective expected utility literature
to situations in which decision makers are ambiguity averse.

The paper is also similar to one by Klibanoff, Marinacci, and Mukerji
(2005), which derives the functional form in (1) by assuming that the decision
maker has one preference ordering over risks (or first-order lotteries), another
preference ordering over second-order lotteries, and that the two preference
orderings agree when the second-order lotteries are degenerate so that they
are simply objective probability distributions. Their axiomatic setup, which
was constructed independently, differs from the one used here. Their paper
also explores how ambiguity attitudes can be formulated in the second-order
expected utility model, and those results apply directly to the preferences
modeled here.

Klibanoff, Marinacci, and Mukerji (2005) is the first publication in a
recent spate of papers concerning second-order probabilities. Ergin and
Gul (2004) and Nau (2006) expand the state space beyond the Anscombe-
Aumann framework and derive functional forms of which (1) is a special
case. Maccheroni, Marinacci, and Rustichini (2006) and Strzalecki (2007)
construct axiomatizations of variational preferences and multiplier prefer-
ences, respectively, both of which are based on the robust control theory of

Hansen and Sargent (2001). Strzalecki (2007) shows that multiplier pref-



erences are a special case of (1) in which the function w takes a particular
form, and that multiplier preferences comprise the intersection of the set of
variational preferences and the set of second-order expected utility prefer-

€e11ces.

2 The representation theorem

To model risk, let D denote the space of probability distributions over some
bounded interval X. The set D is the set of risky alternatives, which
Anscombe and Aumann (1963) refer to as roulette lotteries. To model ambi-
guity, let S be the set of states of the world, with generic element s. Let X be
the set of all subsets of S, with generic element F, which is interpreted as an
event. Savage (1954) defines an act as a function from S to X. Anscombe
and Aumann define a horse lottery ¢ as a function from S to D, that is, ¢
assigns a probability distribution to each state in S. The resolution of an
act is an outcome in the payoff space, while the resolution of a horse lottery
is a roulette lottery, which is a probability distribution over payoffs.

Begin with behavior toward risk. Let F' and G denote elements of D,
and let =4 be a preference relation defined on D. The following axioms are

standard for = 4.

A1: (A-Ordering) — =4 is complete, reflexive, and transitive.
A2: (Continuity) — The sets {G € D|G =4 F'} and {G € D|F =4 G}

are closed.



A3: (Independence) — F =, F’ if and only if aF + (1 — a)G =4
aF’" 4+ (1 —«a)G for all G € D and all a € (0,1).

These axioms are the standard axioms for expected utility toward risk, and if
axioms (A1) - (A3) hold there is an expected utility representation of = 4 (see,
for example, Fishburn, 1970). In particular, there exists a utility function
u : X — R, unique up to affine transformations, such that F' >, G if and
only if

/ u(z)dF(z) > / u(@)dG (). 2)

The three axioms above are more than are needed to guarantee the exis-
tence of a functional representation of preferences. In fact, (Al) and (A2)
are enough (Debreu, 1954). If a functional representation of > 4 exists, let
it be denoted by V', and let v be a generic value of V.

Turning now to ambiguity, let ® denote the set of all horse lotteries de-
fined over D, and let > g denote the preference relation over . The goal is to
derive subjective probabilities over states from preferences over ®, and there-
fore axioms similar to either the Savage axioms or the Anscombe-Aumann
axioms are needed. The axioms that follow are similar in form to the Savage
axioms as presented in Fishburn (1970), except that here the axioms apply
to horse lotteries, and in Savage’s work they apply to acts. In all cases,
o, ¢, 1,1 € ® are horse lotteries, F, F', G, G' € D are roulette lotteries, and
E,E' E; € X are events. The horse lottery Ap is the degenerate lottery

which yields F' in every state, that is, Ap(s) = F for all s € S, and these



lotteries are called constant lotteries. The set E° is the complement of E
in S, that is, S\ E. A set E is null if ¢ ~p 1) whenever ¢(s) = 1(s) for
all s € E°. It is said that ¢ = ¢ on E if ¢(s) = ¢(s) for all s € E. It is
said that ¢ =g 1 giwen E if and only if ¢' =5 1" whenever ¢(s) = ¢'(s) for
s€ E,Y(s) =1'(s) for s € E, and ¢'(s) = ¢'(s) for all s € E*.

B1: (B-Ordering) — > is complete, reflexive, and transitive.

B2: (Sure-thing principle) — If ¢ = ¢’ and ¢ = ¢’ on F, and ¢ = 1) and
¢ =1 on E¢, then ¢ =g 1 if and only if ¢’ =5 '

B3: (Eventwise monotonicity) — If F is not null and if ¢ = Ap and
1 = Ag on E, then ¢ =g 1 given FE if and only if F' =4 G.

B4: (Weak comparative probability) — Suppose that F =4 G, ¢ = Ap
on E, 9 =Agon E° ¢ =Ar on E', and ¥ = Ag on E’®, and suppose that
F'=2G', ¢ =AponE,¢ =AqgonE Y =AponE, and ' = Ag on
E’*. Then ¢ =g 1 if and only if ¢' =5 1'.

B5: (Nondegeneracy) — F' =4 G for some F,G € D.

B6: (Small event continuity) — If ¢ >=p 9, for every F' € D there is a
finite partition of S such that for every E; in the partition, if ¢' = A on E;
and ¢ = ¢ on Ef then ¢’ =p 1, and if ' = Ay on E; and ¢’ = ¢ on E¢
then ¢ =g 1.

B7: (Uniform monotonicity) — For all £ € ¥ and for all F' € ¢(E), if
¢ = Ap given E, then ¢ = 1 given E. If Ap =p ¢ given E, then ¢ =g ¢

given F.



These axioms are the standard Savage axioms modified so that they govern
preferences over horse lotteries instead of preferences over acts. The main
difference between these axioms and Savage’s, then, is that here probability
distributions in D replace outcomes in X. A second modification is that in
Savage’s axioms, the preference ordering over outcomes in X is induced by
the preference ordering over constant acts. Here, the preference ordering
over roulette lotteries in D is kept separate, and axiom (B3) states that
the preference ordering over constant horse lotteries is consistent with the
preference ordering over D.

The axioms on preferences over ® do not impose any particular behavior
on preferences over D. For example, consider the sure-thing principle (B2).
To apply this axiom to preference over D, suppose that the horse lotteries
o, ¢, 1,1 € ® yield the following probability distributions in states E, E¢ €

Y, where F,G,H,I € D:

¥
NE

AN
Q = 4™
~ = o~ =

The sure-thing principle states that ¢ =g 9 if and only if ¢ =5 ¢, that
is, preferences only depend on states in which the two horse lotteries being
considered have different outcomes. This has the same spirit as the indepen-

dence axiom (A3), but with one key difference. Here the mixture ¢ of F' and



H is not a probability mixture, and thus it is not in D. Consequently, axiom
(B2) does not imply axiom (A3), and thus (B1) - (B7) do not imply linearity
of preferences over D, as axioms (A1) - (A3) do. The only restriction is that
(B3) guarantees that preferences on constant horse lotteries are identical to
preferences over the corresponding roulette lotteries.

The axioms governing =4 and > pg restrict the form of functions repre-
senting preferences. This can be seen in the next theorem and its corollary.

Proofs are contained in the Appendix.

Theorem 1 Assume that an individual has preferences = o over D and pref-
erences =p over ®. If axioms (A1) - (A2) on =4 and axioms (B1) - (B7)
on =pghold then there exists a function V : D — R, a probability measure
w: X — [0,1], and a function w : R — R such that, for all F,G € D,
F =4 G if and only if V(F) > V(G), and for all ¢p,v € ®, ¢ =5 1 if and
only if

[Nt = [, 3)

Moreover, the function V is unique up to increasing transformations, and
for a given specification of V' the function w is unique up to increasing affine

transformations.

Corollary 2 Assume that an individual has preferences = 4 over D and pref-
erences =p over ®. If axioms (A1) - (A3) on =4 and axioms (B1) - (B7)
on =pghold then there exists a function u : X — R, a probability measure

w: X — [0,1], and a function w : R — R such that, for all F,G € D,

10



F =4 G if and only if

[utw)ir) > [, ()

and for all ¢, € ®, ¢ =g Y if and only if

([ uweo) a2 [o( [uwaweo)) i, ©

Moreover, the function u is unique up to increasing affine transformations,
and for a given specification of u the function w is unique up to increasing

affine transformations.

To keep these functions straight, the function u is referred to as an A-utility
function, V is referred to as an A-preference function, and w is referred to
as a B-utility function. The A-utility function v can be used to describe
attitudes toward risk, while the B-utility function w can be used to discuss
attitudes toward ambiguity.

The proofs of Theorem 1 and its corollary are fairly straightforward. Ax-
ioms (A1) and (A2) together are equivalent to the existence of a continuous
A-preference function V' representing =4 (Debreu, 1954). Substituting the
A-preference values V(F') for F' and the "acts" V(¢) for ¢ into axioms (B1)
- (B7) yields the standard Savage axioms governing "acts" which are func-
tions mapping states into A-preference outcomes. Letting Y = V(D), these

acts are mappings from S into ¥ C R. Savage’s theorem then states that

11



(B1) - (B7) are equivalent to the existence of a probability measure p and
a B-utility function w satisfying (3). The addition of axiom (A3) makes
the A-preference function linear in the probabilities, and so there exists an
A-utility function u such that > 4 is represented by (4).

Note that both von Neumann-Morgenstern’s expected utility and Savage’s
subjective expected utility are special cases of (5). Expected utility holds
when there is no ambiguity, that is, when p places probability one on a
single state. Subjective expected utility holds when all horse lotteries assign
degenerate distributions in D to every state. More specifically, when ¢(s) is
a degenerate distribution for every s € S and every ¢ € ®, let z(¢, s) denote
the outcome assigned probability one by ¢(s), and V(¢(s)) can be written
as ©(¢,s). Preferences are then represented by [w(z(¢,s)du(s). In the
terminology used here, this is the case of ambiguity but no risk.

The system of assumptions in Klibanoff, Marinacci, and Mukerji (2005)
holds strong similarities to the systm of axioms used here. Their first as-
sumption is that preferences over risk have an expected utility representation,
the counterpart of axioms (A1) - (A3) here. Their second assumption is that
preferences over states have a subjective expected utility representation, cor-
responding to axioms (B1) - (B7) here. Their third assumption requires
that the subjective expected utility preferences from Assumption 2 are con-
sistent with the expected utility preferences from Assumption 1, and here
that assumption is covered by axiom (B3). The contribution of this ax-

iomatization in light of their result, then, is to show that the Savage axioms

12



can be used both to generate the subjective probability distribution over
objective probability distributions and to provide the consistency required
by their Assumption 3. Furthermore, the paper shows that an expected
utility representation for preferences over objective probability distributions
is stronger than what is needed to derive the subjective probability distri-
bution over states, and that it is possible to have second-order preferences
where ambiguity preferences have a (subjective) expected utility form but

risk preferences do not.

3 Conclusion

By treating horse lotteries and roulette lotteries separately, it is possible to
capture ambiguity attitudes with a second-order expected utility representa-
tion. If an individual satisfies the usual expected utility axioms over roulette
lotteries, then she behaves as an expected utility maximizer in situations of
pure risk with risk attitudes governed by the shape of her von Neumann-
Morgenstern utility function, which is termed an A-utility function in this
paper. If, in addition, she satisfies a modified version of the Savage axioms
over horse lotteries, then she forms a subjective probability distribution over
objective probability distributions, and possesses another utility function,
termed a B-utility function, which governs ambiguity attitudes. The mod-
ified Savage axioms guarantee consistency of the risk attitudes caputred by

the A-utility function and the more general attitudes embodied by the pref-

13



erence ordering over horse lotteries. The existence of the B-utility function,
and the fact that it enters the decision process in the same way as the von
Neumann-Morgenstern utility function, makes it possible to extend many of
the results from the study of situations of pure risk to situations of ambigu-
ity, and this is true whether or not preferences toward risk have an expected

utiltiy representation.

A Appendix

Proof of Theorem 1. Axiom (B3) guarantees that A-preferences over
probability distributions coincide with B-preferences over constant lotteries,
and therefore the A-preference relation is unique and well-defined. The
existence of a function V', unique up to increasing transformations, which
represents =4 is proved by Debreu (1954). Recall that a horse lottery ¢
assigns probability distributions in D to states in S. Take one function V'
representing -4 as given and define hy(s) = V(¢(s)). Let H denote the
set of all such h,, and let >=’; be the preference ordering imposed on H by
the preference ordering =p over ®. Axioms (B1) - (B7) imply the following
axioms on >='5, where v is a real number, A, is a constant lottery in H
yielding preference value v, Y = V(D), and we use the notation that hy, = v

on E if hy(s) =v forall s € E:

C1: *'; is complete, reflexive, and transitive.

C2: If hy = hy and hy = hy on E, and hg = hy and hy = hy on E,

14



then hy =5 hy if and only if hy =5 hyy.

C3: If £ is not null and if hy, = v and hy, = v’ on E, then hy =5 hy
given F if and only if v > v'.

C4: Suppose that v; > vy, hy = v1 on E, hy = vy on E°, hy = v; on
E', and hy = vy on £, and suppose that vz > vy, hy = v3 on E, hy = v4
on E° hy =wvson E', and hy =vs on E'°. Then hy =5 hy if and only if
hy ='g hy.

C5: v > for some v,v' €Y.

C6: If hy >'5 hy, for every v € Y there is a finite partition of S such
that for every E; in the partition, if hy = v on E; and hy = hg on Ef then
hy =g hy, and if hy = v on E; and hy = hy on Ef then hy =5 hy.

C7: For all E € ¥ and for all v € hy(E), if hy =5 A, given E, then

hy =5 hy given E. If A, =5 hy given E, then hy, =5 hy given E.

Axioms (C1) - (C7) are the usual Savage axioms for preferences on H, except
with the implicit assumption that preferences are monotone over outcomes.
By Savage’s theorem (see, for example, Fishburn, 1970, Theorem 14.1), ax-
ioms (C1) - (C7) hold if and only if there exists a probability measure u on
Y and a function w : R — R, unique up to increasing affine transformations,

such that hy >'5 hy if and only if

/ w(h(s))du(s) > / w(ho())du(s)

where hy(s) = V(¢(s)), which completes the proof.

15



Proof of Corollary 2. By Theorem 1 all that is left to prove is the

linearity of V', which follows from the usual expected utility theorem (see,

for

example, Fishburn, 1970).
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