PHY521; Quantum Mechanics, Problem Set 8
Due Wed. 8 Nov.2006 at the beginning of class.

1. Variational calculation, 1D infinite square well.

In class we carried out a variational calculation for the 1D infinite square well, with V' (x)
given by
0, |z|<d/2 (inside)
V(z) = (1)
00, x| >d/2 (outside).
The trial wavefunction we assumed was an even power-law form,
n((d/2)? — |z|P), |z| <d/2 (inside)
ot ={" )
0, |z|>d/2 (outside).

The calculation proceeded by finding the expected energy

E=™(p) = (W1 H[pT) (3)

where the Hamiltonian is as usual

H:—h—Qd—2+V(x). (4)

2m dx?

This was then minimized w.r.t. p to find a variational upper bound on E,. This was
5h% /md?, which compares rather well with the exact Ey = (72/2) - h? /md>.

We can similarly apply the variational method to excited states, provided that the trial
wavefunction is orthogonal to the exact lower energy eigenstates. In this problem this is
possible for the first excited state by using an odd trial wavefunction.

Demonstrate this application by carrying deriving a variational upper bound for the
energy of the first excited state (which has odd parity) of this problem, using the trial
wavefunction

() {nx((d/Q)p —|z"), Jal<d/2 (inside) -
0, |z|>d/2 (outside).

Specifically,



a) (2 pts) Find the normalization constant 7 for this odd wavefunction,

b) (2 pts) Find the expected energy
E=™(p) = (1| H[pT) (6)

c) (2 pts) Find the optimum variational parameter p,,, and finally

d) (2 pts) Find the best variational upper bound on Ej,

Efpt = Efsm (pOPt) = <¢T(p0pt)|H|¢T(p0pt)> (7)

Express this in the form B = n - k> /md?, where n is a pure number (not necessarily an

integer).

e) (2 pts) Compare this estimate to the exact £;. By what fraction does your variational

calculation overestimate E;?



2. Variational calculation, 1D quartic potential.
In discussing perturbation theory we had some fun with the 1D SHO with a quartic pertur-
bation, defined by the usual Hamiltonian (Prob.1, Eq.4) with the potential

1
V(z) = §kx2 + gz’ (8)

We carried out perturbation theory to high order for this potential, and noted that the Ej
perturbation series is asymptotic (not convergent for any g > 0). So, what can one do with

this potential in practice, especially when g is large?

One method is to use a variational approach. If we assume a simple Gaussian as a trial

wavefunction for the ground state of this potential
V(@) = (¢/m) !/t e/ (9)

where c is a variational parameter, derive the following expectation values:

a) (2t
T = 12 (10

b) (2 pts)
WTIVIET) = ke 4 g (1)

Q) (2 pts)

Now minimize E§*™(c) w.r.t. ¢ and show that the optimum value satisfies a cubic, which

can be written as

mk 1/2 6g 1/2
Copt = ( 7_3 <1 + ?gcoplt) . (12)

d) (2 pts) This is easy to solve in the large-g limit. Show that the solution is

1/3
lim ¢y = (6gm) . (13)

g—00 h?

3



e) (2 pts) Find the resulting variational upper bound for the ground state energy of the

2/3
pure gz* potential. This result should be expressed in the form E§™(cyp) = n - (h—z) / g'/?

m Y

where n is a pure number. (This form is required by the units.)



3. Variational calculation, 3D SHO.

Variational methods can easily be extended to problems in higher dimensions. As an exam-

ple, calculate the variational trial energy of the 3D SHO, defined by

h2 2 1 2

with the normalized Gaussian variational wavefunction
() = (¢/m)¥ e/, (15)

where ¢ is a free variational paameter. Specifically, evaluate

a) (3 pts)

@T|TT), (16)
and
b) (3 pts)

WTVIpT). (17)

¢) (4 pts) Now sketch the expected energy E&*™(c), and find the optimum variational
parameter c,, and the corresponding upper bound on Ej. Show that these are exactly the

3D SHO results.



