Unit 13: Analysis of
Multifactor Experiments

Statistics 571: Statistical Methods
Ramon V. Leon

7/20/2004 Unit 13 - Stat 571 - Ramoén V. Leén

Analysis of Multifactor Experiments

Table 13.1 Data from a Balanced Two-Way Layout
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Balanced two-way layout:

*n = replicates

*Two factors: So there are ab treatment combinations
*Completely randomized design
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ExampLe 13.1 (BonDING STRENGTH OF CAPACITORS: PARAMETER ESTIMATES)

Capacitors are bonded to a circuit board used in high voltage electronic equipment. Engineers
designed and carried out an experiment to study how the mechanical bonding strength of capac-
itors depends on the the type of substrate (factor A) and the bonding material (factor B). There
were three types of substrates: aluminium oxide (Al, Q1) with bracket, Al O3 without bracket,
and beryllium oxide (BeQ) without bracket. Four types of bonding material were used: Epoxy
I, Epoxy I, Solder I, and Solder 11. Four capacitors were tested at each factor level combina-
tion. Simulated bonding strength data are given in Table 13.2. Calculate the estimates of the
parameters of model (13.3) for these data.

Table 13.2 Bonding Strength of Capacitors (Balanced Data)

Substrate Bonding Material

This is a | Epoxyl | Epoxyll | Solderl | Solderll
Complet.ely Al O3 151,196 | 262,282 | 296,282 | 3.67,340
zlan@omszEd it wiobracket | 1.83,198 | 269,293 | 311,311 | 325290
esign.

SIgn. LS Al Ox 163,180 | 312,294 | 291,293 | 348,351
observations : -
: wi bracket 192,171 | 323,299 | 301,293 | 324,345

were done in - -
BeO 304,316 | 191,211 | 3.04,291 | 347,342

random order

309,350 | 178,225 | 248,283 | 331,376
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Model for Balanced Two-Way Layout

Y;’jk =H+T, +IBJ‘ +(Tﬂ)ij &y = My T Ey
(i=1..aj=1..b;k=1,..,n)

Y =03 g0, | () iscalled
> (), =0 forall the (i, j)th

b row-column
Y. (@p); =0foralli _ _
= ‘ Interaction

The ¢

;'S are independent and identically distributed (i.i.d.)

N(0,6%) random errors.
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Interactions

,u,'j _:ut'j = (/J_"Ti +ﬂj +(Tﬂ)ij)_(lu+ri' +ﬂj +(Tﬂ)i'j)
=(z,-7,)+((#B), - (B),,) which depends on j

Similarly,

My — e = (ﬂ’j —,Bj,)+((rﬂ),.j —(rﬂ)ij,) which depends on i

With no interaction one
can understand the

(o JOpmEnl | coumdsion
/%\iw_\ A variation in y in
e 2

terms of the A and B
| ‘ ~ effects. With an
P it L — S interaction
] : Eacr : ‘ e Factor B level | | 7 FHC{D[ A u knOWing the .
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Figure 13.1 Interaction Plots: (a) No AB interaction; (b) AB interaction present
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JMP 4 Analysis of Two-Way Layout

Table13-2
* Table13-2 ¢ -
b Material Substrate Strength
1 |Epaxy | Al205 Mo Bracket 1.51

- = 2 |Epoxy | Al203 Mo Bracket 1.96
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JMP 4 Analysis of Two-Way Layout

v Summary of Fit |

RSquare 0928168
RSguare Adj 0806219
Root Mean Scuare Error 0186564
Mean of Response 2800417
Observations (or Sum YWats) 45
v Analysis of Variance
Source DF  Sumof Squares  hMean Sguare F Ratio
tadel 11 16.242742 147661 422579
Error 36 1.257050 003492  Prob=F
. Tatal 47 17.499792 =000

The model (i.e. substrate, material, and their interaction)
explains 93% of the variation in bonding strength
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JMP 4 Analysis of Two-Way Layout

SSModel = SSMaterial + SSSubstrate +SSMaterial*Substrate

¥ Effect Tests |
Source Mparm  DF  Sum of Sguares F Ratio  Prob=F
Material & 3 4605053  50.7654 =.0001
Substrate 2 2 0.1953167 27965 0.0743
Material*Substrate B G FA8E916Y  56.21350 =.0001

v Sequential (Type 1) Tests

Source Mparm  DF Seq Ss F Ratio Prob=F
haterial 3 3 854603035 507634 =.0001
Substrate 2 2 0195367 2.7965 0.0743
Material*Substrate B B 7A8EMEY 362130 <0001

Notice that the interaction is significant
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JMP 4 Analysis of Two-Way Layout

J ¥ * Material*Suhstrate
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Residual Diagnostic Plots

¥ Residual by Predicted Plot |
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The usual residual diagnostic plots can (should) be used with the two-way layout
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Do You Need to Know More?

573 Design of Experiments (3) One-way ANOVA,
multiple range tests, equal and unequal variances,
transformations; factorial experiments, completely
randomized designs, analysis of covariance, split-plot and
nested designs, fractional factorials, sequential designs.
Prereq: 571. Sp

“Design and Analysis of Experiments, Fifth Edition”
by Douglas C. Montgomery. Wiley.
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