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 The Unavailability of a Two-Unit Parallel System with  

One Traveling Repairperson 

Ramόn V. Leόna), Frank M. Guess, and Kaixiang Tao 

  

 Abstract — A two-unit parallel system experiences an outage only when both 

units are down at the same time. We consider the situation when the system 

undergoes repair by a single repairperson. We assume that the repairperson must 

travel to the repair site and once the repairperson is at the site no further travel is 

needed if the second unit goes down while the first one is being repaired.  We 

provide a formula for the unavailabity in this situation assuming that the units’ 

lifetimes are exponential while the travel time and repair time have arbitrary 

distributions. Our results are different from previous results that simply add travel 

time to repair time, which overestimates the unavailability. However, the percent 

overestimation is rather small ranging from less than 0.001% to 1% in most 

practical applications although the theoretical maximum overestimation could be up 

to 27%. So it follows that in practice, not very much harm is done by adding travel 

time to repair time. 

 

Index terms — Unavailability, Two-unit parallel system, Traveling time. 
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NOTATION 

u  = system availability, 

u  = system unavailability, 

λ = processor failure rate 

R = random repair time 

ER = mean repair time 

LR(λ) = LR = Laplace transform of repair time, R, evaluated at λ 

T = random travel time 

ET = mean travel time 

LT(λ) = LT = Laplace transform of travel time, T, evaluated at λ 

E(T+R) = mean total travel and repair time = ET + ER 
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I. Introduction 

A two-unit parallel system experiences an outage only when both units are down at 

the same time.  Examples of these systems are duplex processors and two-engine 

airplanes. (The research in this paper was done for a reliability analysis of a computer 

system with two processors.) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Schematic of a two-unit parallel system attended by a single repairperson. 

 

Gaver systematically studied the reliability properties of a two-unit parallel system 

attended by a single repairperson [1-2]. After Gaver’s pioneering work, the two-unit 

parallel system received considerable attention during the past several decades. Systems 

with a cold or warm standby unit attended by a single repairperson or by two 

Independent

Failure process

Failure process

Unit 1

Unit 2

RepairpersonIndependent

Failure process

Failure process

Unit 1

Unit 2

Repairperson



 

 - 4 - 

repairpersons are studied under different application conditions [3-11]. For instance, 

Vanderperre analyzed the idle time of two repairmen attending the two-unit parallel 

system sustained by a cold standby unit [4], Zequeira studied the inspection policy of a 

two-unit parallel system with failure interaction [7], while Osaki discussed the preventive 

maintenance policy for a two-unit standby redundant system [8]. However, in all of these 

studies, the reliability analyses are performed assuming that the repair starts as soon as a 

failure happens. In various settings, this assumption can be reasonable. In other settings, 

however, it is not as reasonable an assumption, if not wrong, since the repairperson in 

some cases has to take some random time to reach the site. Additionally, in other cases, 

the repairman may wait until a mutually convenient time is available before leaving for 

the maintenance site. It is intuitive that the length of the traveling time (including the 

waiting time) will affect the availability or unavailability of the system. Notice that once 

the repairperson is at the site if a failure occur no further traveling is needed 

In this paper, the unavailability of Gaver’s parallel system will be revisited. Then, the 

traveling time will be included in the model and its effects on the unavailability of the 

system will be discussed quantitatively. Errors bounds are derived when travel time is 

wrongly added to repair time.  

Throughout we assume that all expectations are finite and all necessary regularity 

conditions hold. 
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II. Unavailability of Gaver’s Parallel System 

Assuming that the two-unit system in Fig. 1 has independent exponential life lengths 

with the same failure rate (λ), the availability of Gaver’s parallel system is given by the 

following equation: 
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where terms are defined in the notation section above. The detailed derivation of this 

formula can be found in [1]. 

 

III. Unavailability with Travel Time  

 As mentioned, Gaver’s formula does not take traveling time into account. Now, let us 

consider that the travel time is added to the first repair time only. (See Figure 2.) Then, 

the unavailability of the two-unit parallel system can be calculated as 
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We derive this formula as follows. 

 Consider a stochastic process {X(t), t≥0} with state space {1, 2, 3} corresponding to 

the states of the two-unit parallel system over time. Let state 3 be the “duplex” state 

where the two units are working, state 2 be the “simplex” state where only one unit is 

working and state 1 be the “down” state where both units are not working. Then since 
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both units have an exponential distribution which has the memoryless property the 

process {X(t), t≥0} is a regenerative process with regeneration time points G1, G2, G3, …, 

which correspond to points of  return to the duplex state.  (See [12] pages 425-428 for a 

discussion of regenerative processes.) The points G1, G2, G3, …, are such that 

continuation of the process beyond G1, G2, G3, …, will probabilistically replicate the 

whole process starting at time t = 0. 

 We can construct the process {X(t), t≥0} as shown in Figure 2. We let U, T, S, S1, 

S2, …, R, R1, R2,… be independent random variables such that (a) U has the exponential 

distribution with rate 2λ, (b) S, S1, S2, …, have the exponential distribution with rate λ, (c) 

R, R1, R2,… have the repair distribution FR and (d) T has the travel time distribution FT. 

Then one can construct the process {X(t), t≥0} as follows: 

 

 

 

 

 

 

 

See Figure 2 for a typical sample path of this process. 

Then, as stated in [12] page 426, the availability of the two-unit parallel system is given 

by 
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 To calculate this expectations, let N=1, if S1 ≥ T+R1; N=2, if S2 ≥ R2, S1 < T+R1; and 

in general, N=n if Sn ≥ Rn, Si < Ri, i=2, 3, …, n-1, S1 < T+R1. Note N can be interpreted 

as the number of unit failures before the return to the duplex state. In Fig. 2, N=4. 

 

 

 

 

 

 

 

 

 

Figure 2. Typical sample path of the process X. Note that the “number of process failures 

before the return to the duplex state” is 4 in this sample path. 

   

Before calculating the expectations in this equation, we also need a lemma. Throughout 
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since [ ]XL P S X= >  for any positive random variable X. We also 

have  used the formula for the summation of a geometric series.  

Identity (a) follows. 

 

Proof of (b): We have 
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Identity (b) follows. 
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Proof of (c): We have 
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were we have used integration by parts and changed the order of integration. 

Identity (c) follows. 
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Proof of (d): We have 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Identity (d) follows and we finished proving the lemma. 

 

 

 

 

 

 

[ ]

λ

λ

λ

λλλ

1

1

1

111

'

'

'

1

'

+−=

+−=

+⎥
⎦

⎤
⎢
⎣

⎡
−=

++>⎥
⎦

⎤
⎢
⎣

⎡
−−=

+

TR

RT
T

T

RT
T

T

T

T

LL

LL
L
L

L
L
L

RTSP
L
L

][]1[])[][(                    

][][                    

]1[][                    

][][                    

]1[][                    

][],,,,[                    

]1[][                    

][][                    

]1[]1[][

2

2

2
112211

1111

2

11

RSRSENPRSRSERTSRSE

nNPRSRSE

NPRTSRSE

nNPRSRSE

NPRTSRSE

nNPRSRSRSRTSRSE

NPRTSRSE

nNPnNRSE

NPNRSERSE

n

n
nnnn

n
nnnnnn

n
nn

NN

>−+=>−−+>−=

⎥
⎦

⎤
⎢
⎣

⎡
=>−+

=+>−=

=>−+

=+>−=

=><<+<−+

=+>−=

==−+

==−=−

∑

∑

∑

∑

∞

=

∞

=

∞

=
−−

∞

=

…



 

 - 12 - 

Before we finish deriving the unavailability formula we need Wald’s Equation given in 

[12] page 651. 

Wald’s equation: If  X, 1 2, ,...X X are independent and identically distributed random 

variables having finite expectation, and if M is a stopping time for 1 2, ,...X X , that is, if the 

event {M=m} is independent of 1 2, ,...m mX X+ + , then if [ ]E M < ∞  we have 
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 Returning to the derivation of the unavailability formula we use Wald’s Equation 
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 Now, we are ready to calculate the unavailability formula using the construction of 

the process {X(t), t≥0}  We have: 
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Hence, using the lemma we just proved, we have 
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This finishes the derivation of the unavailability formula of the parallel system with a 

single traveling repairperson. 

 

IV. Effect of Adding Travel Time to Repair Time 

 Let u be the exact unavailability as given by formula (3). Let uR be the unavailability 

calculated under the assumption that the travel time is added to every repair time, as 

shown in Figure 3. The purpose of this section is to obtain bounds on the percent error 

that occurs when uR is used to approximate u.  

  

 

 

 

 

 

 

 

Figure 3. The sample path under the assumption that the travel time is part of every repair 

time.  
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which can be simplified to 
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 In contrast, if we assume that the repair time is added to the travel time, that is, the 

first failure is corrected in a time with distribution FT+R and the rest are corrected 

instantaneously as shown in Figure 4, then, from formula (3), we have that 
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were Tu is the unavailability under the assumption above. 

We can simplify the formula for Tu to 
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Figure 4. The sample path under the assumption that the repair time is added to the travel 

time, that is, the first failure is repaired in time with distribution FT+R and the following 

failure are repaired in zero time. 
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12

2)( ≥
+
+

=
−

x
x

exxf
x

. 

Let m be the solution to the equation 0)(
=

dx
xdf  and we have 

)
2
3ln( += mm  
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increasing afterwards. It follows that the expression on the left-hand side of the inequality 

(7) achieves its minimum when  

8577.0)( ==+ mRTEλ  

And since )(mf =0.7879, we have the following inequality. From (7) we have 

17879.0 ≤≤
Ru

u  which implies that 

     2692.00 ≤
−

≤
u

uuR       (8) 

 The percent overestimation of u by Ru  as a function of ( )x E T Rλ= + can be 

expressed as 

   )(,100
2
1100 RTExwhere

ex
e

u
uue x

x
R +=×

+
−

=×
−

= −

−

λ   (9)  

From inequality (8), it is seen that the maximum overestimation is 0.2692. Figure 5 plots 

the percent overestimation as a function of log(x). It can be observed that the maximum 

possible percent overestimation 26.9% occurs when )( RTEx += λ =0.86 

 

 From the expression (9) the maximum possible percent overestimation of u by uR can 

be evaluated for different ranges of ( )E R Tλ + : 
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1. 210)( −≤+ RTEλ  implies e ≤ 0.99%. 

2. 310)( −≤+ RTEλ  implies e ≤ 0.10%. 

3. 410)( −≤+ RTEλ  implies e ≤ 0.01%. 

4. 510)( −≤+ RTEλ  implies e ≤ 0.001%. 

Notice that  λE(T+R) is equal to ( ) ( )
1 Mean unit life

E T R E T R
λ
+ +

=  which is usually small in 

practice. From the observations 1 to 4, it is seen that, in practice, not very much harm is 

done by adding travel time to repair time. 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Maximum possible percent overestimate of u by uR expressed as a function of 

the product of the units failure rate λ and the mean total travel and repair time E(T+R). 

The absolute maximum of 26.9% occurs when λE(T+R) = 0.86, i.e., when 

log(λE(T+R) = -0.065. 
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V. Conclusions 

  

The unavailability of Gaver’s two-unit parallel system is revisited. His formula for the 

unavailability is 

11 2 2[ ]
2 R

ERu u
ER L
λ
λ

+
= − = −

+
 

The unavailability formula for the two-unit parallel system with the traveling time taken 

into consideration is derived to be:  

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡
−+++

+⎥
⎦

⎤
⎢
⎣

⎡
−

−=

T
R

T
R

L
L

ERRTE

L
L

u
12)(21

112
1

λλ
 

Then, the effect of combining traveling time with repair time is calculated and discussed.  

In particular we have 

2692.00 ≤
−

≤
u

uuR . 

where Ru  is the unavailability calculated by adding travel time to repair time. 

That is, the maximum percent overestimation of u by uR does not exceed 27%. Further we 

show that if ( )E T Rλ + is small, as it usually is in practice, the percent overestimation is 

also small. (See results 1 to 4 in Section IV for a precise version of this statement.) It 

follows that in practice not very much harm is done by combining travel time and repair 

time. 
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Appendix 

Let F and G be the distribution of two non-negative random variables with the same 

mean. Then  

,)()(
00
∫∫
∞∞

= dttGdttF  

where FF −= 1  and GG −= 1 . See for example [13]. Since the nonincreasing function 

F  and G  enclose the same area below in the first quadrant, it follows that F  must cross 

G  at least once. We say that G has heavier tails than F if F  crosses G  exactly once 

from above (see Figure 6).  

 

 

 

 

 

 

 

 

 

 

Figure 6. The distribution G has heavier tails than the distribution F. Note that the area 

below G  and F  in the first quadrant is the same for both. The point where F  and G  

cross is denoted by t0. 
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Theorem: The    Laplace transform of a distribution with a given mean increases as the 

tails of the distribution increase in weight. That is, if the distribution G has a heavier tail 

than the distribution F, then 

LF ≤ LG 

LF and LG are the Laplace transforms of the distribution F and G. 

 

Proof:  Let LF(λ) be the Laplace transform of the distribution F evaluated at λ, i.e., 

∫
∞

−=
0

)()( tdFeL t
F

λλ . Let MF(λ) be the transform of F defined by, 

∫
∞

−=
0

)()( dttFeM t
F

λλ . 

Using integration by parts we can show that 

)(1)( λλλ FF ML −= . 

Similarly, we have 

)(1)( λλλ GG ML −= . 

It follows that, to show )()( λλ GF LL ≤ , it is only necessary to show  

)()( λλ GF MM ≥ . 

Let t0 be the point where F  crosses G  (see Figure 6). Then we have  

since 

,0)()(
0 0
∫ ∫
∞ ∞

=− dttGdttF  

that  
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⎥
⎦

⎤
⎢
⎣

⎡
−−

⎥
⎦

⎤
⎢
⎣

⎡
−=−

∫ ∫

∫∫
∞ ∞

−

∞
−

∞
−

0 0

00

)()(

)()()()(

0 dttGdttFe

dttGedttFeMM

t

tt
GF

λ

λλλλ

 

Equivalently, 

[ ][ ]∫
∞

−− −−=−
0

)()()()( 0 dttGtFeeMM tt
GF

λλλλ . 

But the functions [ ]0tt ee λλ −− −  and [ ])()( tGtF −  always have the same sign, since te λ−  is 

decreasing, and t0 is the crossing point of F  andG . It follows that 

0)()( ≥− λλ GF MM . 

Therefore the conclusion of the theorem follows. 
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