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Bayes theorem: Discrete case
H;: hypothesis

E;: effect
the conditional probability that the hypothesis H; holds given the effect £; is
p(H = HiE = E))
HE)) =
_ pE|Hi)p(H,))
P(E))

p(E;) = marginal or total probability of observing the effect of £;
P(Ey) = > p(E;|\H)p(H))
i=1

= Enlp(Ej|H;)]
so p(Hi|E;) o p(E;|H:)p(H;) /
suppose additional evidence E; accrues, then

p(HIE;, E;) o p(E,|E;, Hy)p(Hi|E))

Example:
suppose a rare disease whose frequency is 1 out of 5000.
A person is tested, and the false positive is 0.05 and the false negative is 0.01
let’s O be a random variable taking value 1 if the person is diseased and 0 if not.
Y is a random variable taking value 1 when the test is positive, and value 0 when the test is
negative
False positive = P(Y = 1|60 = 0)
False negative= P(Y = 0|60 = 1)
p(@ = 1) = 0.0002; disease
p(Y=10=0)=0.05
p(Y=00=1)=0.01
p(Y=06=0)=0.95
p(Y=10=1)=0.99
Question: what is the probability that the person which has a positive test is diseased?
Bayes theorem:

P(Ej|\H)p(H:) _ p(Ej|\H)p(H:)
P(E)) En(Ej|H))
_ _ p(EH)p(H)
>y PEj|H)p(H,)

p(HIE)) =

pO=1Y=1) =



p = Dp(Y =10 = 1)

p@ =1p(Y =10 =1)+p(0 = 0)p(Y = 1|0 = 0)

= 0.0039



Bayes theorem: continuous case
@® 0,y are continuous valued
@ /s amodel and (6, y|M) exists.
example: y is the evidence, 6 is hypothesis (missing data, etc), M is model: gaussian or z...

h0,y)= g f0)
joint marginal of 6
= m(y) pOb)

marginal of y
2(0) = [ m0.y)dy = [ pOme)dy
= E,[p(0l)]
m) = [ hO.9)dy = [ £010)g(0)d0

= Eo[f0l0)]
_ g0O)y0o)
pOy) = m0)
o g(0)f(¥]0)
pP(Bly)oc g(B)L(O]y)
__gOL®)
[g®)L(O)do

if we have a uniform over 0, then

L(0y)
[ L(Ol)do
oc L(By)

pBly) o



Example:

y=u+a+e
@® . : known
@ . : additive effect (unknown)
@ ¢ :deviation
a~NQO,v,)
e~ N(,v.)

(y|/~1’ a,va,ve) ~ N+ a,ve)
if the problem is inferring a from y
p(a[y,,u, Va, v@) = N(hZ(y - IJ')1 Va(l - hZ))

where
Va

2 _
h* = Vg + Ve

Hintl: we can use:
EWily2) = m1 + V12 Vi (y2 — m2)

Var(yily2) = Vi — ViaVasVar
Hint2: use 6 = a, and calculate
pOy) < p(0)p(6)
@ prior mode of « is 0, the posterior mode 42(y — p)
® p(a>0)=0.5 butpla > 0]y)?
@ calculate p(y)?



Posterior distribution:
0 = (01,05),
example in a linear case, 61 is location and 6 is dispersion
p(01,02]y) o L(01,02]y)g(01,02)
we can write
g(01,02) = g(01102)g(02)
= g(02/01)g(01)

then the marginal posteriors are:
p(O1ily) = Ip(91,92b/)d92

p©:1) = [ p(01,021)d0;
if 61 is the primary parameter, we also have:
pO1) = [ p(01,021)d0

= [ p(0:102,9)p(O:1)d0:

= Eo,1)[p(01102,))]
(601]62,y) is the uncertainty of inferences about 81 when nuisance parameter 0, is known.

_ p01.02D)
PO = o al)

oc p(04,0,y)
oc L(91192D/)P(91,92)
oc L(01,02])p(01]02)

oC I—(91|921 Y)p(91|92)

L(01|02,y): is likelihood of 0, with 0, treated as known.
so the conditional posterior distribution can be identified by inspection of the joint
posterior distribution and retains only the parts that vary with the parameters of interests.



Example:
suppose y = (v1,..,v,) are independently drawn from

¥~ Ny, 0?)
__1
p(,ll|a,b) - b—a
2 —
p(O' |Cad) - d—C

p(u, 0%y, 0) o L(u o2y, 0) x g(u,0?)
_ H(Gz) -1/2 ——Z(y -p)?

% 1
(b-a)(d-c)

o« (62)™" exp{— D=2 +n(u-7y)? }

202
SO

p(o?ly.a,b,c.d) = (62)”’2exp{_z(yi—_zy)2}
20

J- /27‘[0‘ n(u—nz
27w

du

= (0-2 )_("_1)/2 exp {_M }

202

X b-y \_ a-y
ECRE]
p(uly,0) = [ pu, 0?1y, 0)do?

OCI (07) (T ¢ ar 207 g2

where S, = £ > (vi — p)?
if c = 0and d = o, we use inverse gamma

p(uly,0) o

52 T
p(uly,6) o [1+((”—y)ﬁ}

2
oct—dlsl(n—Bj/,S(n )>ifc=O,d=oo

(n—=3)
where $? = —1-3"(y; - 7)?






Example:
yi = Po+ Pixi+ &
i=1,..,n

g; ~1(0,02%,0)

yi = Bo+ Pxi + —2—

Joi
e; ~ N(0,0?)
~G(L L
@i~ Ga(5 5
0 = (ﬁo,ﬁl,gz,wl ----- ®n)
priors:

p(Ov) = p(Bo)p(B1p(c?) | | pleilv)

i=1
Then
pOly,v) < L(Oly,v)p(0)

oc li[(g)—i)_llz exp{% i = .306; Bax)? }

x [T e %) p(Bo)p(Br)p(c?)

i=1

n
2\ —1/2
o v/2-1
*x H( ; ) ;
=1

y exp{% (vi = Bo — P1xi)* + vo? } *)

0.2
x p(Bo)p(B1)p(c?)

where

v
plai) < w? ez

<
Nfe



Conditional posterior distribution of w;
We have:
p(Bo, B1,0%,@1,...,04ly,v) =given in (x)

Independency of w; means that:

p(Bo, B1,0% wily,v) =
(02 )—1/2 %_1
o | =— ;
; J

R _ 2 2
xexp{% Ui~ B ﬁzli 2 }

o

x p(Bo)p(B1)p(c?)

p(01.02]y)

p(02])
P(Po.f1.0%0ilyv)

P(Bo.B1.0%pv)

2\ —1/2
o v/2-1
oC ( _wi ) a)i

corpl g i fo= P+ v’ )

2 o2

Using formula p(01|62,y) =
p(wilPo, f1,6%,y,0) =

SO

oy S
p(a)l.|ﬁ0,ﬁ1,0'2,y,v) < O; 2 eXp(f%)

where

(y[ — ﬂo — ﬁlx[)z + 1)62
S; = >
(o}
which means that

(@ilBo, p1,0%,y,v) ~ Ga( L5 1 vo’+ (i ; ﬁZO — faxi)? )
o

10
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Conditional posterior distribution of So, B1

p(Bo, 1, 0%, 0ly,v) < [17,(6%) Pw,? " exp(—2:
xp(Bo)p(B1)p(c?)

P(Po, P1,62, 0ly,v)

pBo.frlo® 0.0,0) = = D)

is a joint posterior distribution with constant o2, w constant:
SO

p(ﬂo,ﬁﬂcz,wa%v)

oc 1111[ exp{%(y,- — Po- ﬁlxi)z}

x p(Bo)p(B1)
if
Bo ~ N(ao,05,)
and
B1~N(a1,0%,)
then:

p(Bo, B1lo?, ®,y,v)
oc exp[—z—lz{z wi(yi — Bo — Pix;)?
0" o

o2
o

(Bo — 0)? + -Z—(B1 — 011)}]

+
2
0p,

0

If we reformulate:

B = ( Po ); W = diag(®:); X = [1X] e
B1

1={1}x=(x1,...x0)

then we can write the above as:

D 0i(yi — fo— Pixi)? = (y — XB)' W(y — XB)

Let § = go = (X'WX)LX' Wy

1

then we can write: i i A A
(y-XB)'W(y—-XB) = (y—XB-XB+XB)W(y—XB—-XB+XP)
= (y—XB)'W(y - XB) + (B-B)XWX(B - P)

11



then
P(Bo, ﬁlb’a)O' v, a0, a1, Bo, B1)

= ep {51 (0~ xp Wy - xp) }

+ - prrowxp - py v S0 OB,
Bo ﬂ1

oC exp{ ((ﬂ ﬁ)tXtWX(ﬂ ﬁ) n (0 (ﬁO ao)z N z(ﬁl _(11)2 )}

ﬂo O-ﬂl

exp{ SL (B Paewxp-p)+ (B-o'AB-a) }

where o = ,
a1
A GZ/O'%O 0 _ A, O
0 o?lo}, 0 2,




Use the following relationship:

(1)Univariate case:

M(z—m)?+B(z-b)? = (M+B)(z—c)? + 25 (m - b)?
where: ¢ = (M + B)*(Mm + Bb)

(2)Multivariate case:

(z—m)'M(z—m)+ (z—b)'B(z—b)
=(@Ez-c))(M+B)(z-c)+ (m—b) MM+ B)B(m-b)
where:c = (M + B)~*(Mm + Bb)

we had
p(Po, ﬁlly,w a%,v,a0,a1, o, f1)
o exp{—oL5 (BB WXB-B)+ (B-0'AB-)}
which become by using (2)
o] @RI NE-P) - }
(B - ) X'WXX'WX + A)_lA(B -a))

x exp{-—5Ly (B B)'Crmx+ n)B-B)}
where B = (X'WX + A) T (X'WXP + Aa)
p(Bo, B1ly, ®,6%,v,a0,a1, Bo, B1) ~ N(B,var?)
where
Var = (X'WX + A)to?

Conditional distribution of 1B, rest

Here, we think of B as if it is known.
Regression becomes:

yi = Po+ Pixi+ei —
ri =yi—Po = Pixi + &

p(Bo, Baly, 0,62, v,00,a1)
-4 (T o - Brxi)” +

oC exp 2 2
- (Br-a)? + (B - a0)?)

Take o as constant:

p(B1lBo,y,®,02,v,00,01)

13



oc exp( —2r 2or, @i(ri — Prxi)? + %(ﬁl — a1)2>

oo exp(—22r 21, 0o(Br - ribxi)? + A1 (Br — a1)?)
~2 2 (@ix? + A)(B1 - Bu)®
Hox?A)(@x? + A1) (& - a1)?

oc exp(—?lz >0 (@ + 21)(B1 - ﬁl_if)
where B1; = (0ix? + A1) Hwwxiri + 21a1)
using the following formula:
M(Ez-m)2+B(z-b)2=M+B)(z-c)?+ %(m _ b)?
where: ¢ = (M + B)™1(Mm + Bb)

oc exp

similarly
(B1lBo, Y, ®,062,v,00,a1) ~ N(B1o,var?)

Z x;(yi—fo)+A101

E CO,'XIZ-F),]_

Blyo = (XtWX-I- /11)‘1(X’Wr+),1a1) =

2

o
E co,-xlz+)tl

Conditional posterior of o given 81

var = (X'WX + A1) to? =

We use

ti=yi—P1xi = Po+é&
similarly:

p(BolB1,Y,®,6%v,00,a1)

o exp{~52r (o~ Bo)'(1'W1+ A0)(o — o) }

where Bo1 = (1'W1 + Ao) L(1'W1 + Loao)
SO

ﬁ0|ﬁ1,y,w,62,v,ao,a1 ~ N(Bo,l,var)

___o*
Zn w; + Ao
=1t

var =

Conditional posterior distribution of o?/rest:

p(c?|Bo, B1,Y,®,0)?

14



p(a?, Bo, B1, 0ly,v)

" _ ol g S
e (02) 1/2601'2 eXp _ Wi

1 (-5*)

x p(Bo)p(B1)p(c?)

(yi — ﬂo — ﬁlxl‘)z + UGZ
Si = .
o

Retaining only the term in 62,50 we have
p(o-Zl,BOsﬂl;a)yy,U)

oc (62)_"/2 X EXD{—Z%‘_Z |:Z o;(yi— Po - ﬂlxi)2:|}p(02)
i=1

2\2
o2 ~ lognormal(0, ®) o exp[_(log—o)J%

20 o

(62)—(n+2)/2
n 2 2
onf-ghz| oot L I}
i=1

which is not a recognizable form.
if, we use instead a scaled inverse y?
SO o’ ~1Ix%(q,r)

means
p(e?g.r) = (02) F D exp( L)

then
p(62|ﬁo,ﬂ1,60,y,l))
o (a2)™" x eXp{—# |:Z ®;yi—Po— ﬂlxi)2:|}p(02)
i=1
where

n
* _ * _ nsZ+qr 2 Zizl o;(yi-Bo—P1xi)?
q =n+tq = g §° = -

which is a scaled inverse Chi-square process with parameters ¢* and r*

15



Conditional posterior distribution of So,B1/y,@, hyper

using the scaled chi-square distribution for o2
p(e?) = Iz < (62

we had:
p(GZ,ﬁo,ﬁl,a)W, U)

" il Q.
e Tl 0 ep(25)
i=1

x p(Bo)p(B1)p(c?)

then taking w as fixed:

p(c?, Po, Pilw,y,v)

x p(Bo)p(B1)p(c?)

p(Bo, B1lw,y,v,q,7) = _[p(ﬂo B1,62|w,Y,v,q,r)do?

o« p(Bo)p(B1) J(o?) "’ZI'L 1exp{ o Cctrpt )
x (02) FD exp (-2
oc p(ﬁO)p(ﬂl) _[(GZ) ( 2 +1> e)(p{ (y— Xﬂ)’W(y—X[})+qr }

using the following

[20i(i = Bo — Paxi)® = (y — XB)'W(y — XB)]

then we have:
p(ﬁo’ﬂ]-'w’y’v!q’r)
o p(Bo)p(B1)[(Y — XB)' W(y — XB) + gr] (2

using the relationship:

(y - XB)'(y — XB)
= (y— XB)'w(y — xB) + (B — B)X'Wx(B - B)

we have
p(Po, Pilw,y,v,q,r)
o< p(Bo)p(B1)[(Y — XB) Wy — XB) + gr] (2

% p(Bo)p (B[ (v — XB)W(y - XB) + (B — PXWXB —~ B) + ¢r] 7

)
o p(Bolp(po)| + EREED T

16



n—2+q+2

—B)! 8 *(
o p(Bo)p(By)| 1+ EHLZED) |
where
2 = XB) Wy —XB) +qr
n—-2+gq
which will depend on the prior of 5 and S
It will be a truncated t-distribution if priors of By and 31 are uniform.

Joint Posterior density of Bo, 81 and 2.

P(Bo,B1,0%y,v) = [ p((Bo, B1,0% aly, v)do

u:IILLQw(<%;>7UZXaﬁQAeXp{_gi(Qtﬂz%?fﬂﬁi)})d@i
x p(Bo {?(ﬂl)p(dz)

« p(Bo)p(BIP(cH) [, (6) 2 [~ w; ) exp{- 2 do;

the formula inside the integral is a gamma density function with parameter
Ga(2 JZF 1 Siy where

~ (vi— Bo - P1xi)® + vo?
Si = 2

o

SO

p(ﬁo,ﬁl,Gzly,U) Ocp(ﬂo)p(ﬁl)p(gz)
e () ()

<« p(Bo)p(B1)p(c?)(c?) ™" H;[M }-

o

< p(Bo)p(BP(eD) ], (02)* [1 + %flﬂ }—

N
N+
s

N

U+,

N|

5.5 Bayesian updating:

Bayesian learning in a continuous case:

Suppose that data accrue sequentially as y1, .., yx and that the problem is to infer a
parameter vector 6.

e)p(yl’ e ’yK|9)
Oe,..,vi) = &
pOy1,..,yk) O )
_ 8@)pG1l0)pGaly,0)....pGklys, - &-1,0)
m(y)myaly1)....m(ykly1, ..., yx1)

o gDp(ild)p(aly1,0)....pGky1,. ... yk-1,0)

Bayesian learning




pOW1,..,yk) o« g@)p(l0) p(aly1,0)....pGkl1,- .., yk-1,0)

pOly1)
o p(By1) x p(valy1,0)....pGklya, ... yk-1,0)
OCp(Qbﬂl,yz)p(ys[yl,yz,Q) """ p(yKlylv"!yK—lie)
— 7%

oC p(@bq,yz,yg) ....... p(VKb/11---1yK—l,9)

OCP.(QI)/L o yk1) pklye, .. yk-1,0)
QUL TR

acts as a prior

This means that a bayesian analysis carried out the end of the process will lead to the same

inference about 0 as one carried out sequentially.
If y1,...,yk are independent, then

p@ly1,...vx) < gO) [ [ pil0)
i=1

Application:

Suppose at a stage (1), measurements y; are taken on n;different observations and at a
stage (2) measuerements y, are taken on nydifferent observations.

Suppose that the objective is to infer the parameter a; and a» such that

Gz ) (e )(2)

where p1 and u» are known location parameters common to the data collected in stage 1 and

stage 2. and that
0 Ii 0
4 oz-N o2 !
€2 0 0 Iz

where 2 is known and /; is the identity matrix (n; x n,)
a- Calculate p(y1,ya|u1, t2, a1, az,2)?
b- Calculate p(a1,azly1,y2, p1, 2,,062,02)? such that

0 A A
ai 62~ o2 11 A
a 0 Axn A

c-using your result from (b), calculate p(aily1, 11,,02,02) and p(azly1, p1,,02,02)
d- calculate p(azly1, vz, u1, 2, 062,62)

18



5.6 Posterior quantile/modes/Mean/cov...

Marginal posterior distribution p(0]y) gives an exact, complete description of the state of
knowledge about an unknown, after observing the data. It can be parameter, hypothesis, model
etc

When posterior distribution is derived we can seek information about:

@ Highliting zones of relatively high density or probability
@ modes (unimodality or multimodality)

@ area where the true value of the parameter may be located
Posterior probabilities
The probability that parameter 0 falls in some region R of © is

PO <RY) = | p(Oly)do

if 0 = (01,02)
01 : parameter of interest, 6, : parameter of nuisance

p(01 € Rily) = JR p(01]y)do1
= . J. p(92,01[y)d01d92
IRy Y0,

— j@ P(01]62,7)p(0:1y)d02d6;

v K

- ..@2 \URlp(91l92,y)d01} p(02]y)d0>

J

\ 4

p(01€R1102,y)

= E[ezw](l?(el € R102,y))

So the marginal probablity p(01 € R1|y) is a weighted average of p(61 € R1|02,y) at each
value of 0, with the weight function, the marginal p(62]y).

@ will be used by MCMC:

@ useful when 6, is not feasible to integrat over
suppose that 057,052 ..05™ are drawn from p(02]y), then
P01 € Raly) = 5 227 p(01 € R1l63,)
@ alternative consistent estimator of le p(01]y)do. is

P01 € Rly) = — D10 € Ry)
=1

where 05V,0%,..05" are Monte carlo draw from [01]y]
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Posterior quantile

(6]y) is defined in [0.,01]

Definition: a-quantile of (0)y) is the value "¢", :
PO <qly) =«

Example:
A commonly used quantile to characterize location of a posterior distribution is the
posterior median. If ¢ = m = median, then

p(0 < qly) =pO > qly) = 0.5
or

q +00
| p@do = |~ p@lao

Quantiles are used for high-credibility sets which are sets of values 6 that contains the true
value at high probability.

A credibility set of size (1 — a) is given by all value of 6 € [¢1,¢2] such that
1-a=plq1 <0 <qzly)
pO < qily) =
p0 > qoly) =
So the credibility set of 0 is [g1,¢2]

SIS

if a = 5% then g1 = 2.5% quantile of 8]y and g> = 97.5% quantile of 9]y
[g1,q92] is called a (1 — a) highest posterior density or HPD.

There are infinity of credibility set.
Particular case: Highest posterior density interval or HPD
is cerdibility set where values inside have higher posterior density than values outside it.

Remark: the median of a posterior distribution can be used as a ”point estimate” of 6.

20



IHlustration
Suppose we want to estimate

0=(01, 6 )

scalar nuisance

Lemma: if d1 is the optimum (estimate) of 01, then p(91 < d1]y) = +

Hint:
@ Choose a loss function L(01,0:1]y) = a|f1 — 04]
® Calculate [ L(01,0:p)] = [ [ alf1 — 01| p(01,02]y)d01d0
oA Ry,

E[L(él,elb’)] = _E: alf1 — 01p(01]y)db,

we have

E[L(01,01) ] = a[ji(él ~02)p(0:)dby + [ (01 - el)p(elwdelJ

foe 0ip(0: < 0a) — [ 01p(0:0)d0 +

[ ;‘”elp(elty)del —0.[1-p(01 < Bib) ]

we are looking for 6 which minimizes above, so

I _o
001

aA = 2p(91 S@ﬂ)/)—l =0
001

2p(01 < 01)y) -1 =0
pO1 < 91[)/) =0.5
satified when @1 is the median.

=

H

21



Posterior mode:
6 is the value of the parameter 6 having the highest density.

0 = arg max p6y)
= arg mgx [c L(61)g(9) ]
=arg max [log L(0ly) + log g(6) ]
The mode can also be used as a "poin(z estimate” of 0. It is considered as a location of the

posterior parameter.
Hint: following O’hagan (1994)

@ Choose a loss function L(01,60:1]y) = 0 if |(f1 —01< b
1if |01 — 601> b
@ Calculate
E[L(01,611) ] = 0 x p(1f1 — 61]< bly) + 1 x p(|f1 — 61]> bly)
= p(|01 - 61> Bly)
= p(01 - 01 > bly) + p(01 — 01 > bly)

91—17 +00
[ pOd0s+ [ p(Osly)ao:
N — 91+b ,
S
0 A A
L~ 0,= p(O1 - bly) = p(O1 + bly)
001

p(01ly) = p(01 - bly)
p01ly) > p(01 + bly)

p(01ly) > p(61 - bly)
" p0ly) > p(B1 + bly)

If 61 is a mode, from (x) = necessary condition

Ifb — 0 . is correct if 6 is the mode = sufficient

22



Example: Joint and Marginal modes

Suppose that
n10f y1 ~ N(ua,02), Treatment 1,
na of yo ~ N(uz,0?), Treatment 2
n3 of y3 ~ N(us,0?), Treatment 3
we want to see if there is a difference between different treaments?

p(u1 — paly) and p(ua — psly)?
Parameter 61 = p1 — 2, O 1 — ps3
Nuisance parameter is 0, = o2

Likelihood=
p(yl:h . 1y1n11y21- . ,y2n2,y31, . -y3n3, |u1a NZ, ,Lt31 62)

3 n; .
[T exp{—ﬁ(yij - Hz')z}

=1 j=1
)71+n2+)73 3 ni
w0 (61) 7 exp oty Do D0y~ PP + i - ui)?
Ry )
then
6" = n1+no+ns
- 2
Vi~ N(ui, 57)
and we have ,
A o
o~ Z(n1+n2+n3—3) X nit+no+ns

23



if we choose a prior
0%~ x?(v,7%)
i ~ U(tmin, tmax)
0 = (u1, p2, u3,0°)

p(u1, a2, 13,6%y) o« p(O)p(us, p2, u3)p(?lv, )

p(0) < (62)7’11%22”3 exp _Tiz i[Zj(yij_.ui)z
(s - 7))
since
p(u, g2, u3) o< Cst
p(62|v,7) o« (62) 22
then

P(HLHZ,NB,GZD’)

o« f= (62) "% exp{—# <n62 +ur? + Zni(.ui —J_/i)2>}

So the mode of the joint posterior distribution is obtained by deriving the logarithm of ”f”
with respect to all parameters.

o _ =

o =0= u, =y,1=123
a _ "~ né? +ur?
02 =0=0 = 2
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this gives us the mode of the joint distribution (posterior) of (u1, u2, us,c?).

The marginal posterior distribution of 2 is obtained by:
P2 = [ fduduadys

Hmin

o (0_2) "l+n2+ﬂz3 3+v+2. eXp{ 2 (]/lO' +uT )}
3 _ -

H(cb(—”m )~ (g >)

i=1

when we use an improper (vague prior)

Umin = Hmax — 00

SO
nq+no+n3—3+v+2
p(c?ly) o« (62)” e exp{ 2 ——(n6? + vt )}
~ ¥ (v* —n+v-3,(t*)% = n6? +vr? 1 Ut )

V
the mode of (¢?|y) is 62 = v* (r%)°

v*+2
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Remak:

~ 2
2 2

@ The mode of the joint posterior distribution of 62 is ¢ = Z&r”

n+v+2
@ The mode of the marginal posterior distribution of ¢2 is
~9 (n+v-3) (162 +v12)/ (n+v-3)?
G =
(n+v-1)
They are different

Using the previous posterior distribution we have:
p(ua, pi2, psly)
oc Ip(ul, Uz, 3, 02y)do? (has an IG,)

_ntv

2

p(pa, pa, ualy) o <n€72 +vr2+ D niu; —J_/i)2>

_ n=3+v+3

o <1+ Zini(ui—y%) 2

né? + vr?

_ n=3+v+3

; (“ (u—y)fN(u—w) z

(n—3+0v)c?
~t(y,(n—3+0v),var)

where:
® N = diag(ni,na,n3)

. 02 — n&2+vr?
n—3+v

Q@ var = ANTI2ER
n—-5+v
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This is a Unimodale distribution with mode
Wi =yi
which is the same mode as the one for the joint posterior distribution
so the marginal distribution of y; is
wi ~t(yi,n— 3 +v,var)

var — 2 Nn—=3+0
ni(n—5+0o)

and then
(ui — pj) ~t(yi — yi,n — 3+ v,var)

2 n—3+0v 1.1

Y i =5+ v) (ni n;
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Posterior Mean (vector)

Mean
E(01ly) = Eo,,[E(01]02,)]
Estimator:
E@O1ly) = = D [E©01169.)]
=1
or
E 01) = & > 67
=1
where

@ 063 can be draws from (6,]y)
@ 6 can be draws from (61]y)
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Posterior covariance (matrix)
Defined as

cov((01,62]y) = j j (01 — 81)(02 — B2)'p(01,05y)d01d6;

= Jj(eleé)p(91,92b/)d91d92 — 010,
If 03 is a third parameter (nuisance parameter), then
cov((01,02]y) = Egsp)[Cov(01,02|03,v)]
+ Cov g, [E(01103,), E(02(03, )]
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