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Likelihood function:
y is a random process
p.d.fof y is p(y|0) is a function of y

Likelihood is a function of 6 that is proportional to p(y|6)
L(0) = L(Oly) « p(yl0)
@ p.d.f p(y|) is varying with y at fixed values of 6
@ likelihood L(A|y) is a function of the parameter 6 for fixed data.

L(Oly) = k(y)p(y|®)
oc p(ylo)



Maximum likelihood estimator:

condition for 0 to be a M.L.E
Doy _ g

a0
o @ly)
oo~ <0

Gaussian model:

J

y = 10~N(m, 3)
10 — m)?
L(mly = 10) -1 exp(—(T)
Jor T\
) f(m)
L(m) — exp(_w>



ify =(y1 =10,y2 = 8,y3 = 12,y4 = 9,y5 = 11)

L(mlo? = 3,y)
3 1 C(10-m)?+...+(11-m)?
gy )

S5{F{-m)?2Y\. . o
= k(y) x eXp(—(y6 ) ); m=y
Ficher (1922) proposed to rescale likelihood values relative to 6:

L(0ly)
so that rescaled values are between 0 and 1.



Fisher’s information measure:

1(0) — Ey[ %)2} >0

| = c+logp(y|®)
=Cc+ Z log p(yil)
n =
16) = D_1i(0)
i=1
1i(0) = E[(—d'og&(y"m )ZJ
because
E(%Iogp(yiw)) =0;i=1,..,n
and also
£ (S togp(yil6) x I logpy;lo))
E(-I-1ogp(yil6) ) x E(-3> logpyilo))
and -

E(-d-logp(yile) ) = 0



Here we show that:

1(0) = —Ey(1")
Alternative representation of the Information

| = logp(yl6)

| = dl._ d?l
do’ do?

10) = £, (1) = - [1"p(vI0)dy
N\ 2 1"
=E,()" =&(1")

Ey(I") = 0and [I"p(yl0)dy + [(I)?p(y|0)dy = O
means:

1(0) = Ey[ (1)?]
= -Ey(I")



Curvature as a measure of information:
o Curvature

c0) = I,(G)
[1 +1 (9)2]
1'(0) = 0 = c(0) =1"(0)
oExample : Quadratic approximation to log-likelihood:
Taylor:

312

1) = 1(8) +1'(9)(6 - 0) + %l”(@)(e—é)Z
—1(H) - %J(@)(G—@)Z
tgg:ﬁ ~ exp[-33(0)(0 - 0)?]
0~N(0,3O™)

A 121y 2 LOlY)
) ~ (2 1/2 J(O 1/2 ~
p(0) = (2m)~[3(0)| LOlY)



Score function:

S@ly) = I
S isa function of y so it is a random variable with unknown distribution which has a mean
=0
We show that
I' = S(0ly) ~ [0,1(0)]
proof: Var(l') = E[ (1)?] - |:E(I'):|2
=E[()%] =1(0)

Example: Normal distribution
y1,..,¥n ~ N(m,c?)
_odl a2 gy o N =)
S_ d/,l (N'G 1y)_ 02

E(S) = Ey(”(y—_z“))

o
- DEF-w =0

Var(S) = Var(%) = %

swo,%)



Multivariate:

-5 (5)(%) ]

_ I
- Ey[ 0000 J
S~[0,1(0)]
Example:
y ~N(XB,V)
B : unknown

X: Matrix of explanatory variable

V : known variance matrix
( gave a review of the matricial and vectorial derivation: Thursday 12: Anderson 1984)

L(BIV,Y) = exp[ =5 (v = XB)'V(y = XB) ]
S = S [ -0 XBVIy-Xp) |
— XV (y - XB)

o<l - <)

= E(XtV-IX) = XtV-1X




Cramer:Rao Lower Bound:
if E(0) = m(0), then Cramer-Rao Bound is

A < (M (0)]
Var(0) > 10)

if the Var(0) > =@ then 9 is said to have a minimum variance.

I©) .
if 0 is unbiased, then CRB is Var(0) > 1(0)!

Using Cauchy-Schwarz inequality, we have
cov(d,1") = [m'(0)]2 < Var(0)1(0)
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oConsistency:
On is an estimator of 0, based ony,..,Yn
0n is consistent if

Pr{|0n—0l< €} — 1

(the sampling distribution of A, becomes more and more concentrated around 6.)
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No o s wN e

oAsymptotic normality and efficiency:

Under conditions:

0 lies inside Q.

The support of p.d.f of data A = {y;p(y|#) > 0} is independent of 6
F(y|01) = F(y|f2) = 01 = 0,(the distribution of observations are distinct)
I, 1", 1" existand 1" is continuous

jp(y|9)dy is three times differentiable under the integral sign
0< 1) <o

there exist M(y), such that |

& (logp(ylo))l< M(y)
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then
when n is large

000 = N0, )

So the MLE is asymptotically unbiased, efficient and normal.

The same is true for multivariate models:
0n ~ N(Oo, 17(00))

So the MLE is asymptotically unbiased, efficient and multivariate normal.
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Functional invariance of MLE:

IfQ is MLE of 8 then:
f(0) is MLE of f(0).

Example:

f(0) = &~

Yi = Bo + PiXi +€;
0 = (Bo, p1)
Bi - D XiYi - %Zixiziyi
Z|X?_%<Zix'>2
Bo =9 - Bax

MLE of £(0) is 2—
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In fact:
10,0%ly) =~ logo? — 25 3 (i~ fo — fxi)’

_ b
77—[31

Bo n
g : -
b1 B1
we have one to one transformation

|(77y.31’02|3’)
= —% logo? - # Z(Yi —nP1— Pixi)?

oL

on
- =0
ol
. Y- pax
n=<—=
B1
By - 2 XiYi — 20 Xi 25 i

Zi Xi2 - %<Z| Xi>2
s2=1 Z()h —fip1 - 317()2

Bo = A1



