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Modeling the Primary Drainage Curve of Prefractal Porous Media

E. Perfect*

ABSTRACT during monotonic wetting. Assuming continuous drain-
age occurs from complete saturation to oven drynessFractal models for the soil water retention curve have largely ig-
and vice versa, the water retention curve can be charac-nored hysteresis. Such models generally require that all pores be

connected to the atmosphere via a network of similar-sized or larger terized by its main drying and wetting branches. Under
pores. In random mass fractals and natural porous media, however, natural conditions, however, the water content at any
not all pores of a given size class empty during drainage due to given suction may vary between these envelopes de-
incomplete pore connectivity and/or the presence of surrounding pending on the wetting and drying history of the soil.
smaller pores. A modification of Rieu and Sposito’s (1991a) prefractal As a result, a family of scanning loops bounded by the
water retention equation is proposed to accommodate this hysteresis main wetting and drying curves is necessary to fully
during monotonic drying. The resulting expression is identical in form

describe the water retention curve (e.g., Poulovassilis,to the empirical Brooks and Corey (1964) model and contains three
1962; Poulovassilis and Childs, 1971).physically-based parameters: the proportion of nondraining pores

For modeling purposes, experimental water content(Pd), the scale factor (b ), and the apparent fractal dimension of the
vs. suction data are frequently parameterized by fittingprimary drainage curve (Dd), which is related to the underlying mass

fractal dimension (D ) of the porous medium by Dd � D � [log(Pd)]/ an appropriate mathematical relationship. A variety of
[log(b )]. Model testing consisted of fitting the modified equation to empirical equations have been developed for this task
previously published water retention data for 30 randomized Sierpin- (e.g., Brooks and Corey, 1964; van Genuchten, 1980).
ski carpets and seven soils. Error sums of squares ranged from 0.001 These models are generally fitted to the main drying
to 0.093 for the carpets, and from 0.015 to 0.047 for the soils. In branch of the water retention curve. Based on the re-
contrast, the unmodified Rieu and Sposito (1991a) equation per- sulting parameter estimates it is possible to construct the
formed very poorly. Best fit estimates of Dd ranged from 0.295… to

primary wetting curve and any intermediate scanning1.640… for the two-dimensional carpets, and from 2.467… to 2.902…
loops (e.g., Mualem, 1984a; Parker and Lenhard, 1987;for the three-dimensional soils. Prediction of D, based on estimates
Braddock et al., 2001). Jaynes (1984/85) and Viaeneof Dd derived from the primary drainage curve, will require additional
et al. (1994) have evaluated the performance of theseresearch on how to obtain Pd and b. Based on the analytical approach

outlined here, it should also be possible to model the primary wetting different modeling approaches in terms of their ability
curve, thus providing a more complete fractal description of soil water to fit hysteretic water retention data. However, none of
hysteresis. them can be used to back out information about the

connectivity and size-distribution of pores.
Equations based on fractal geometry are increasingly

The relationship between water content and suc- being used to parameterize the soil water retention curve
tion differs depending on whether the soil is wetting (e.g., Tyler and Wheatcraft, 1990; Toledo et al., 1990;

or drying; this path dependence is known as hysteresis. Rieu and Sposito, 1991a; Perfect, 1999; Bird et al., 2000).
Hysteresis occurs because of differences in pore shape, Soil aggregates have been shown to exhibit mass fractal
size, and interconnectivity (Hillel, 1998). With irregu- scaling over a finite range of lengths scales (Anderson
larly-shaped pores, drainage is determined by the small- and McBratney, 1995). The theoretical soil water reten-
est opening or neck, while water entry is controlled by tion function for this type of “prefractal” porous me-
the dimensions of the main body. Small pores fill up dium is given by (Rieu and Sposito, 1991a):
first and empty last, while large pores empty first and
fill up last. However, large pores that are connected to S � 1 �

1
��1 � � h

hmin
�
D�E

� [1]
the atmosphere via smaller ones will not empty until the
smaller ones have drained. The presence of entrapped air, where S � �/φ is the relative saturation, � is the volumet-
differences in contact angle during wetting vs. drying, ric water content, φ is the porosity, h is the suction, hmin
and shrinkage and swelling phenomena also contribute is the suction that drains the largest pores, E is the
to hysteresis (Hillel, 1998). Euclidean dimension of the initiator (see below), and

As a result of hysteresis, the water retention curve D is the mass fractal dimension. Equation [1] is valid
depends on the wetting and drying history of the soil. for hmin � h � hmax, where hmax � hmin(1-φ)1/(D�E). Note
For any given suction, the soil water content during that when h � hmin, S � 1, and when h � hmax, S � 0.
monotonic drying will be greater than or equal to that Equation [1], like other fractal models, is based on a

number of underlying assumptions. Individual pores are
Dep. of Earth and Planetary Sciences, Univ. of Tennessee, Knoxville, TN assumed to be either empty or full, their status being
37996-1410. Received 20 Jan. 2005. *Corresponding author (eperfect@ determined solely by the Young-Laplace capillary rela-
utk.edu). tion (de Gennes et al., 2004). The possibility that two

or more pores may coalesce, resulting in drainage at aPublished in Vadose Zone Journal 4:959–966 (2005).
Original Research lower suction, is neglected. Furthermore, all pores are
doi:10.2136/vzj2005.0012
© Soil Science Society of America
677 S. Segoe Rd., Madison, WI 53711 USA Abbreviations: ESS, error sums of squares.
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assumed to be connected to the atmosphere via a net- �s(�) � ��D � (bi)D [2]
work of progressively larger pores. This research is con-

where D is the mass fractal dimension defined by thecerned with the later assumption.
ratio log(bE–n)/log(b), with n being the number of cubesIn random fractals and natural porous media, a cer-
removed in the generator.tain portion of the pore space does not drain during

The number of pores of length �, Np(�), in a massmonotonic drying because pores are either completely
prefractal porous medium is given by:disconnected or are connected to the atmosphere via

smaller pores. Numerical capillary drainage simulations Np(�) � n�s(b�) � n(b�)�D � n(bi�1)D [3]
in random fractal structures have demonstrated how a

where �s(b�) is the number of solid cubes of lengthlack of pore connectivity causes the observed water
b�. At saturation, all of the pores are assumed to beretention curve to deviate from that predicted by analyt-
completely filled with water. As drying occurs not allical models (Perrier et al., 1995; Bird and Dexter, 1997).
pores of a given size will empty at the appropriate suc-The magnitude of this discrepancy increases as D ap-
tion because of incomplete pore connectivity and/orproaches the critical fractal dimension, Dc, for pore per-
the presence of adjacent smaller pores. Let the actualcolation (Sukop et al., 2001). Pore networks in structures
number of pores draining be denoted by Nd(�). It thenwith mass fractal dimensions close to Dc are poorly
follows from Eq. [3] that,connected and, as a result, air has only limited access

to the interior. In contrast when D � � Dc, pores are Nd(�) � n(bi�1)Dd [4]
sufficiently well connected to facilitate air invasion of

where Dd is the fractal dimension for the drained porethe pore network, so that observed relative saturations
network. Depending on the geometrical arrangementare much closer to model predictions (Sukop et al., 2001).
(lacunarity) of the prefractal porous medium, thoseEquation [1] has been fitted to the main drying
pores of length � that do not drain at the appropriatebranches of water retention curves determined experi-
suction may remain full, or empty into pores of lengthmentally on soils from a wide range of textural classes
�/b, �/b2, �/b3… or �/bi�1 as h → ∞. Similarly, nondraining(Rieu and Sposito, 1991a, 1991b). The resulting best fit
pores of length �/b may never empty, or later drain intovalues for D are generally �2.90, and approach three
pores of length �/b2, �/b3, �/b4… or �/bi�1. To modelwith increasing clay content. Such estimates are assumed
this complex drainage process, it is assumed that theto represent the mass fractal dimension of the entire proportion of empty pores at the ith level does notpore network. Because of hysteresis, however, it is to change over time. In other words, the number of poresbe expected that “apparent” D values, estimated from filling due to water draining from larger pores is offset

the main drying branch of the water retention curve, will by an equal number of pores emptying due to water
deviate systematically from actual D values for fractal draining into smaller pores.
porous media. The probability of pores of length � emptying during

This paper presents a scale-invariant conceptualiza- drainage, Pd(�), is defined by,
tion of incomplete pore drainage during monotonic dry-
ing of random fractal porous media. This conceptualiza-

Pd(�) � Nd(�)
Np(�)

� (bi�1)Dd�D [5]tion is incorporated into the analytical prefractal model
used to derive Eq. [1]. The resulting theoretical expres-

By assuming the same proportions of pores empty atsion is then evaluated using previously published numer-
each iteration level, that is, Pd(�) � Pd(b�) in Eq. [5],ical and experimental drainage curves for random frac-
it is easy to show thattals and soils.

Pd � Pd(�) � Pd(b�) � bDd�D [6]

THEORY where Pd is the scale-invariant drainage probability for
the pore network.Equation [1] assumes that soil can be modeled as a

Taking the logarithms of both sides of Eq. [6] andmass prefractal porous medium. Such fractals are con-
rearranging gives:structed from a solid initiator by an iterative process of

mass removal and re-scaling. As a concrete example,
Dd � D �

log(Pd)
log(b)

[7]consider the well-known Menger sponge that scales by
a constant ratio of b � 3 (Mandelbrot, 1982). The initia-
tor is a solid cube (E � 3) of unit length. A generator If Pd and b are known, Eq. [7] can be used to estimate
is then defined by subdividing the initiator into bE � 27 the mass fractal dimension of a porous medium from
smaller cubes of length � � 1/b � 1/3, and removing the fractal dimension for the drained pore network.
n � 7 of them. Construction continues by repeatedly Alternatively, if D and Dd are known, Eq. [7] can be
applying the generator to the remaining solid cubes. used to infer values for Pd and b. For example, Crawford
Note that � depends on b as � � 1/bi, where i � 0,1,2,3… et al. (1995) reported Dd values (estimated from the
is the level of iteration of the fractal algorithm. The water retention curve) ranging from 2.90 to 2.97, along
number of solid cubes of length �, �s(�), at the first with corresponding D values (obtained from thin section
iteration is �s(1/3) � 20. At the second iteration �s(1/9) � analysis) of between 2.94 and 2.98, for eight Japanese

soils. Inserting these values into Eq. [7] suggests that400, and so on. In general, we have:
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0.8 � Pd � 1 for a wide range of possible b values The above derivation is similar to that of most other
fractal models in its neglect of pore coalescence andbetween 2 and 100.

Using the concepts developed above it is possible to assumption of purely capillary behavior. It differs from
most others, however, in that it explicitly considers par-modify the Rieu and Sposito (1991a) analytical model

to allow for scale-invariant incomplete drainage. The tial pore connectivity.
For the purpose of fitting Eq. [16] to the main dryingnumber of boxes of length � needed to fill the pore

phase of a mass prefractal porous medium, �p(�), is branch of experimentally determined soil water reten-
tion curves, it is convenient to simplify it by collectinggiven by,
the b, Pd, and D parameters into two compound terms,
that is�p(�) � �1

bi�
�E

� �1
bi�

�D

[8]

S � 1 � �	���1 � � h
hmin

�

�E

� [17]Based on Eq. [8], the cumulative volume of the pore
phase, Vp(�), can be calculated from:

where 	 � Pd� bE � bD

bE � bD�log(Pd)/log(b)� and 
 � Dd � D �Vp(�) � �1
bi�

E

�p(�) � 1 � �1
bi�

E�D

[9]
log(Pd)
log(b)

. Assuming E and φ are known, Eq. [17] can beThe porosity of the prefractal porous medium is defined
when i → j and � → �min in Eq. [9], where j is an integer fitted to experimental drainage curves as a nonlinear
� ∞ and �min � 0 is the length of the smallest pores model with three unknown parameters: hmin, 	, and 
.
present, that is, The 
 term provides an explicit linkage between the

main drying branch of a soil water retention curve, and
� � Vp(�min) � 1 � � �

�min
�
E�D

� 1 � �1
bj�

E�D

[10] the mass fractal dimension of the underlying matrix.
However, to estimate D from such data it is necessary

The number of boxes of length � needed to fill only the to know, or be able to independently estimate b and Pd.
drained portion of pore network, �d(�), is given by

MATERIALS AND METHODS
�d(�) � Pd�bE � bD

bE � bDd���1
bi�

�E

� �1
bi�

�Dd� [11]
Numerical Drainage Curves

It follows from Eq. [11], that when i � 0, �d(1) � 0 and Equation [16] was fitted to numerically simulated mono-
when i � 1, �d(1/b) � Pd(bE � bD) � Pd�p(1/b). The tonic drainage curves for the random two-dimensional prefrac-
cumulative volume of the drained pore space, Vd(�) can tal porous media investigated by Sukop et al. (2001). These

authors generated 10 realizations of E � 2, b � 3, and j �be calculated from Eq. [11] using:
5 randomized Sierpinski carpets for each of three different
generators (n � 1, 2, and 3, that is, D � 1.892…,1.771…, andVd(�) � �1

bi�
E

�d(�) � Pd�bE � bD

bE � bDd��1 � �1
bi�

E�Dd� [12]
1.630…, respectively) using the homogenous algorithm. The
main drying branches of the water retention curves for these

The volumetric water content of the incompletely drained prefractal structures were simulated using a numerical model
prefractal porous medium is given by for capillary drainage developed by Bird and Dexter (1997).

Each drainage curve consisted of six paired values of S and
� � � � Vd(�) � � � Pd�bE � bD

bE � bDd��1 � �1
bi�

E�Dd� [13] h/hmin. Basic information on these simulations is summarized
in Table 1. The reader is referred to the papers by Sukop et
al. (2001) and Bird and Dexter (1997) for further details onExpressed in terms of relative saturation, Eq. [13] be-
the programs employed.comes

Equation [1] was used for the forward prediction of S based
on h/hmin and the known values of D, E, and φ for each prefrac-S � 1 � �bE � bD

bE � bDd��Pd

� ��1 � �1
bi�

E�Dd� [14] tal construction. Equation [16] was fitted to the numerically
simulated drainage curves using the Marquardt nonlinear re-

Invoking the Young-Laplace expression (de Gennes et gression method in PROC NLIN of the SAS statistical soft-
al., 2004), 1/bi in Eq. [14] can be replaced with hmin/h giving ware package (SAS Institute Inc., 1999). Pd in Eq. [16] was the

only unknown parameter estimated. All of the fits converged
according to the software default criterion. Goodness of fitS � 1 � �bE � bD

bE � bDd��Pd

� ��1 � � h
hmin

�
Dd�E

� [15]
was quantified in terms of the error sums of squares (ESS)
for the individual fits, and by linear regression analysis of theSubstituting Eq. [7] into Eq. [15] yields pooled observed and predicted S values.

S � 1 � � bE � bD

bE � bD�log(Pd)/log(b)��Pd

� ��1 � � h
hmin

�
D�log(Pd)/log(b)�E

� Table 1. Physical attributes (mass fractal dimension, D, scale fac-
tor, b, maximum iteration level, j, porosity, φ, and scaled suc-

[16] tion, h/hmin) of the randomized Sierpinski carpets and drainage
simulations from Sukop et al. (2001).Equation [16] is valid for hmin � h � hmax. When h � hmin,

D b j � No. realizations No. h/hmin levelsS � 1, and when h � hmax, S � Sr, the residual relative
saturation, which is defined by setting h � hmin(1 � φ)1/(D�E)

1.892… 3 5 0.445 10 6
1.771… 3 5 0.715 10 6in Eq. [16]. Note that when Pd � 1, Eq. [16] is identical
1.630… 3 5 0.868 10 6to Eq. [1], and Sr � 0.
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Table 2. Physical properties (porosity, �) and drainage measure-
ments (suction, h ) for the Washington state soils from Campbell
and Shiozawa (1992).

Soil Texture � No. h levels

L-soil sand 0.18 31
Royal sandy loam 0.35 34
Palouse silt loam 0.44 39
Salkum silt loam 0.48 38
Walla Walla silt loam 0.39 38
Palouse-B silty clay 0.55 37

Experimental Drainage Curves

Since values of b and D are unknown a priori for natural
porous media, Eq. [1] was applied inversely along with Eq.
[17]. Both equations were fitted to the main drying branches
of experimentally determined water retention curves for the

Fig. 1. Example of a simulated drainage curve for a b � 3, j � 5,six Washington State soils investigated by Campbell and Shio- D � 1.771… randomized Sierpinski carpet (realization #1), where
zawa (1992). Each curve consisted of between 31 and 39 paired S is the relative saturation and logb(h/hmin) is log to base b of the
measurements of S and h, with h ranging from 3.1 � 100 to scaled suction. Also shown are the predicted curve based on Eq.
3.3 � 105 kPa. Details about the physical characterization of [1] and the best fit curve from Eq. [16] with Pd � 0.786 (error
these soils are given in Table 2. The reader is referred to the sums of squares, ESS � 0.005).
original publication for complete information on the different
methods used to construct the monotonic drainage curves. when D �� Dc (e.g., D � 1.630…), the pore phase

A segmented nonlinear regression procedure was used for is sufficiently well connected to permit significant air
the fitting, with S � 1 when h � hmin and either Eq. [1] or Eq. invasion, and relative saturations approach those pre-
[17] applicable when h � hmin. The Marquardt method in dicted by Eq. [1].PROC NLIN of the SAS statistical software package (SAS When treated as a model with one unknown parame-Institute Inc., 1999) was employed, with E � 3, φ set to the

ter (i.e., Pd), Eq. [16] fitted the numerical drainage datavolumetric water content at the lowest suction, and hmin and
very well, as can be seen from the example in Fig. 1.D in the case of Eq. [1], or hmin, 	, and 
 in the case of Eq.
Overall, the ESS for the nonlinear fits ranged from[17], treated as unknown parameters. All of the fits converged
0.001 to 0.093 (Table 3). Since there were no significantaccording to the software default criterion. Goodness of fit

was assessed using the ESS for the individual fits, and by differences between the mean ESS values for the differ-
linear regression analysis of the pooled observed and predicted ent carpets (Table 3), goodness of fit can be considered
S values. independent of the degree of pore phase connectivity.

Pooled observed vs. predicted S values for all of the
realizations are graphed in Fig. 2. Linear regression analy-RESULTS
sis indicated the relationship between the numerical

Numerical Drainage Curves drainage data and analytical model predictions was ap-
proximately one to one (Fig. 2). Equation [16] assumesThe total porosity of the randomized Sierpinski car-
that the number of empty pores of a given size whichpets decreased as the D-value was increased (Table 1).
fill due to drainage from larger pores is offset by anAs discussed by Sukop et al. (2001) and illustrated in
equal number of filled pores that empty due to waterFig. 1, the numerically simulated drainage curves for
draining into smaller pores. This assumption is reason-these prefractal structures deviated from those pre-
able for intermediate and high suctions, but breaks downdicted by the Rieu and Sposito (1991a) analytical model,
at low suctions since only a finite number of large water-Eq. [1]. The magnitudes of these deviations were great-
filled pores is available to replenish those pores thatest for the high D-value (low φ) carpets, and least for
drain over time. As a result, the model might be ex-the low D-value (high φ) carpets. This trend can be
pected to overestimate S at low suctions. While thisexplained by increases in the degree of interconnectivity
trend was clearly evident in some simulations (e.g., Fig. 1),of the pore network with decreasing D or increasing φ.
there was no general pattern of over prediction at highFigure 1 shows the numerical drainage curve for a

specific realization of a b � 3, D � 1.771…, j � 5
Table 3. Summary of error sums of squares (ESS) and best esti-randomized Sierpinski carpet. As noted above, h/hmin � mates of the drainage probability (Pd) for Eq. [16] fitted to

bi in the Young-Laplace equation. Taking logarithms of the simulated water retention curves from Sukop et al. (2001)
using nonlinear regression.both sides yields log(h/hmin) � ilog(b), or logb(h/hmin) �

i, indicating the scaled log of suction corresponds di- ESS Pd

rectly to the iteration level. The critical fractal dimen-
D† Min. Mean‡ Max. Min. Mean‡ Max.sion for pore phase percolation in randomized b � 3,
1.892… 0.003 0.009A 0.013 0.173 0.613A 0.759j � 5 Sierpinski carpets is Dc ≈ 1.716 (Sukop et al.,
1.771… 0.003 0.021A 0.093 0.717 0.802B 0.8592001). When D � Dc (Fig. 1), the pore phase is poorly 1.630… 0.001 0.020A 0.061 0.946 0.962C 0.973

connected and air has only limited access to the interior
† Mass fractal dimension.of the structure. As a result, relative saturation never ‡ Means with the same letter are not significantly different at the 95%

confidence level according to a protected t test.approaches zero as predicted by Eq. [1]. In contrast,
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Fig. 4. Comparison of relative saturation values for all of the soilsFig. 2. Comparison of relative saturation values from all of the numer-
(Observed S ) with the corresponding values predicted from theical simulations (Numerical S ) with the corresponding values pre-
best fits of Eq. [1] and [17] (Predicted S ).dicted from the best fits of Eq. [16] (Analytical S ).

Experimental Drainage Curves
S values (Fig. 2). In fact, the outliers in Fig. 2 suggest An example of one of the experimental water reten-
a slight tendency for the best fit predictions to underesti- tion curves from Campbell and Shiozawa (1992) is shown
mate S as i → 0 in the low D-value structures. The in Fig. 3. As expected the relative saturation values de-
reasons for this phenomenon are unknown. creased in a curvilinear fashion with increasing suction.

Best fit estimates of the Pd parameter in Eq. [16] Also included in Fig. 3 are the predictions from the
ranged from 0.173 to 0.973 (Table 3). The mean Pd value best fits of Eq. [1] and [17]. It can be seen that the
increased progressively with decreasing D-value (Table analytical model incorporating hysteresis, Eq. [17], did

a much better job of describing the data than the non-3). This statistically significant trend denotes an increase
hysteretic model, Eq. [1]. Because Eq. [1] has only twoin the scale-invariant fraction of pores that drain at each
fitting parameters it is much less flexible than Eq. [17],iteration level due to increased interconnectivity as the
which has three unknown parameters. As a result, Eq.mass fractal dimension decreases. It is also apparent from
[1] tended to underpredict the experimental S data atTable 3 that the spread of best fit Pd values decreased
low and high suctions, and overpredict them at interme-with decreasing D. Randomized Sierpinski carpets with
diate suctions (Fig. 3). This trend occurred for all ofD-values at or above the critical value for percolation
the soils, as can be seen from the pooled predicted vs.exhibited more variability in their drainage characteris-
observed relative saturations (Fig. 4). Linear regressiontics from one realization to another. Based on Eq. [7], analysis of these data showed that the predictions from

the Pd values in Table 3 indicate a range in Dd of between Eq. [17] were much closer to a one-to-one relationship
0.295… and 1.640... for these two-dimensional prefractal with the observed values than those from Eq. [1]. The
structures. Interestingly, this range was produced en- overall better goodness-of-fit of Eq. [17] as compared
tirely by the estimates of Pd for the D � 1.892… carpets. to Eq. [1] can also be seen in the ESS values from the

individual fits (Tables 4 and 5). The mean EES for Eq.
[17] was approximately an order of magnitude lower
than that for Eq. [1].

Best estimates of hmin and D obtained by fitting Eq.
[1] to the experimental drainage curves are given in
Table 4. The suction draining the largest pores present
ranged from 0.001 to 2.385 kPa. The lowest values of
hmin occurred with the sand and sandy loam soils, while

Table 4. Summary of error sums of squares (ESS) and parameter
estimates (suction draining the largest pores, hmin, and mass
fractal dimension, D ) for Eq. [1] fitted to the experimental
water retention curves from Campbell and Shiozawa (1992)
using nonlinear regression.

Soil ESS hmin D

kPa
L-soil 0.389 0.001 2.990
Royal 0.644 0.089 2.969Fig. 3. Example of an experimentally determined drainage curve for
Palouse 0.215 0.604 2.954soil (Palouse silt loam), where S is the relative saturation and h is
Salkum 0.199 2.385 2.941the suction. Also shown are the best fit curves for Eq. [1] and [17].
Walla Walla 0.321 0.321 2.963Parameter estimates for these curves are given in Tables 4 and
Palouse-B 0.051 0.654 2.9435, respectively.
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Table 5. Summary of error sums of squares (ESS) and parameter E-D. However, a porosity of one is physically unrealistic
estimates (suction draining the largest pores, hmin, and com- for natural porous media. As shown previously, suchpound terms, � and �) for Eq. [17] fitted to the experimental

media are best modeled as randomized prefractals withwater retention curves from Campbell and Shiozawa (1992)
either Eq. [16] or Eq. [17] describing the main dryingusing nonlinear regression.
branch of the water retention curve. Rearranging Eq.Soil ESS hmin � �
[16], [17], and [18] so that � is the sole dependent vari-

kPa able reveals the following equivalencies:
L-soil 0.047 2.037 0.170 2.519
Royal 0.034 6.423 0.332 2.467
Palouse 0.028 4.122 0.446 2.755 � � �r � 	 � Pd� bE � bD

bE � bD�log(Pd)/log(b)� [19]
Salkum 0.046 9.319 0.505 2.762
Walla Walla 0.015 4.535 0.384 2.698
Palouse-B 0.043 1.209 0.729 2.902


 � E � 
 � E � D �
log(Pd)
log(b)

[20]
the silt loam and silty clay soils gave the highest values.
The mass fractal dimension only ranged from 2.941 to

Note that hmin appears in all three expressions. Equations2.990, with the sand and sandy loam soils giving the
[19] and [20] appear to provide the first physically-basedhighest values, and the silt loam and silty clay soils
interpretation of the Brooks and Corey (1964) parame-the lowest values. Rieu and Sposito (1991a, 1991b) and
ters that does not require the unrealistic condition φ → 1.Perfect (1999) reported a much wider range for D, and

The advantage of using Eq. [16] or [17] over an empir-an opposite trend with soil texture. The reasons for
ical model for the water retention curve is that thethis discrepancy are unclear, but may be related to the
parameters b, Pd, and D have precise physical meanings,inflexibility of Eq. [1] when fitted to experimental drain-
and thus can potentially be measured independently.age data as a two-parameter model. Specifying φ (as was
How to obtain D for the underlying matrix from esti-done here), instead of treating it as a fitting parameter,
mates of 
 (i.e., Dd) remains a challenge. The forwardappears to have induced a negative correlation between
use of Eq. [7] requires knowledge of the scale-invarianthmin and D.
drainage probability, as well as the scale factor. It mightApplication of Eq. [17] to the same experimental data
be possible to estimate Pd using the renormalizationyielded a different suite of parameter estimates (Table
group method (Turcotte, 1997), and b from the sample5) that must be interpreted differently from those associ-
size divided by the size of the largest pores present,ated with Eq. [1]. The only parameter common to both
which can be computed directly from hmin (see Perfect,models was hmin. Estimates of hmin from the best fits of
1997). However, further research is needed to investi-Eq. [17] were approximately an order of magnitude
gate these approaches. In the mean time, it is certainlygreater than those from Eq. [1]. In this case, the sandy
possible to obtain these parameters inversely. Imageloam and silt loam soils produced the highest hmin values,
analysis of soil thin sections (Crawford et al., 1995; An-while the sand and silty clay soils gave the lowest values.
derson et al., 1996), small-angle X-ray scattering (MartinThere was no significant correlation between the two
and Hurd, 1987; Schmidt, 1991; Beaucage, 1996), andsets of hmin estimates. Estimates of the 	 parameter
X-ray computed tomography (Peyton et al., 1994; Perretranged from 0.170 to 0.729, and generally increased with
et al., 2003) can all be used to measure D directly. Byincreasing clay content. The 
 parameter ranged from
comparing estimates of D obtained with these methods2.467 to 2.902, with the sand and sandy loam soils giving
to Dd values derived from water retention curves mea-the lowest values, and the silt loam and silty clay soils
sured on the same material would provide an opportu-the highest values. This is a reversal of the trend ob-
nity to more fully test Eq. [7], and estimate Pd and bserved for the D values from Eq. [1], which is consistent
inversely.with the results of Rieu and Sposito (1991a, 1991b)

The Rieu and Sposito (1991a) water retention model,and Perfect (1999). However, keep in mind that 
 is a
Eq. [1], on which the current approach is based, assumescompound parameter, and cannot be directly equated
that all pores evacuate completely in accordance withwith D unless Pd � 1. To estimate D from 
 it is neces-
the Young-Laplace equation. In reality, some water willsary to know the values for b and Pd.
be retained in the form of thin films adsorbed onto
pore surfaces and pendular structures in pore cornersDISCUSSION AND CONCLUSIONS (Toledo et al., 1990; Tuller et al., 1999). The possibility

The Brooks and Corey (1964) empirical water reten- of such partial pore drainage should be considered as
tion equation is widely used for parameterizing main a refinement in future modeling efforts. It is generally
drying branch data. This model takes the form: accepted that water retention by capillarity gives way

to an adsorption controlled regime at high suctions.
Se �

� � �r

� � �r

� � h
hmin

�
�


[18] However, Fig. 3 and Table 5 demonstrate that Eq. [17]
can be fitted over an extremely wide range of suctions
without any obvious break in scaling that suggests awhere Se is the effective saturation, �r is the residual
crossover point. This observation lends support to thewater content, and 
 is a fitting parameter known as
simplification of capillary equilibrium that underlies thethe pore-size distribution index. Tyler and Wheatcraft
hysteretic model.(1990) showed that in the limit i → ∞, φ → 1 and �r → 0;

in this case Eq. [1] and Eq. [18] are identical with 
 � The present work has focused exclusively on the main
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