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Motion of a
mass on a
spring
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An object attached to a spring sliding on a frictionless surface is an uncomplicated simple harmonic oscillator. In the above set of figures, a mass
is attached to a spring and placed on a frictionless table. The other end of the spring is attached to the wall. The position of the mass, when the
spring is neither stretched nor compressed, is marked as x = 0 and is the equilibrium position. (a) The mass is displaced to a position x = A and
released from rest. (b) The mass accelerates as it moves in the negative x-direction, reaching a maximum negative velocity at x = 0. (c) The
mass continues to move in the negative x-direction, slowing until it comes to a stop at x = —A. (d) The mass now begins to accelerate in the
positive x-direction, reaching a positive maximum velocity at x = 0. (e) The mass then continues to move in the positive direction until it stops at
x = A. The mass continues in SHM that has an amplitude A and a period T. The object’'s maximum speed occurs as it passes through
equilibrium. The stiffer the spring is, the smaller the period T. The greater the mass of the object is, the greater the period T.
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A block is attached to a spring and placed on a frictionless table. The equilibrium position,
where the spring is neither extended nor compressed, is marked as x = 0.
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A block is attached to one end of a spring and placed on a frictionless table. The other
end of the spring is anchored to the wall. The equilibrium position, where the net force
equals zero, is marked as x = 0 m. Work is done on the block, pulling it out to x = +A,
and the block is released from rest. The block oscillates between x = +A and x = —A.

The force is also shown as a vector.
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A graph of the position of the block shown in Figure 15.5 as a function of time. The
position can be modeled as a periodic function, such as a cosine or sine function.
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Mass on a Spring
Position vs. Time

Position (cm)

Data collected by a student in lab indicate the position of a block attached to a spring, measured with
a sonic range finder. The data are collected starting at time t = 0.00s, but the initial position is near
position x ~ —0.80 cm # 3.00 cm, so the initial position does not equal the amplitude x, = +A. The
velocity is the time derivative of the position, which is the slope at a point on the graph of position
versus time. The velocity is not v = 0.00 m/s at time t = 0.00 s, as evident by the slope of the graph of
position versus time, which is not zero at the initial time.



Functional form
of displacement

x(t)=Acos(wt+¢)



Useful equations

F=mx=—kx

1
T=-
f
K
W= —
m
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a) A cosine function.

b) A cosine function shifted to the left by an angle . The angle is known as the phase
shift of the function.
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(a) (b) (c)

A spring is hung from the ceiling. When a block is attached, the block is at the equilibrium position where the weight of the block is equal to the
force of the spring.

a) The spring is hung from the ceiling and the equilibrium position is marked as y,.

b) Amass is attached to the spring and a new equilibrium position is reached (y, =y, — A)) when the force provided by the spring equals the
weight of the mass.

c) The free-body diagram of the mass shows the two forces acting on the mass: the weight and the force of the spring.
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Oscillation of an object on a spring
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Graphs of y(f), v(t), and a(t) versus t for the
motion of an object on a vertical spring.
The net force on the object can be
described by Hooke’s law, so the object
undergoes SHM. Note that the initial
position has the vertical displacement at its
maximum value A; v is initially zero and
then negative as the object moves down;
the initial acceleration is negative, back
toward the equilibrium position and
becomes zero at that point.
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The transformation of energy in SHM for an object attached to a spring on a frictionless surface. (a) When the mass is at the position x = +A, all the
energy is stored as potential energy in the spring . The kinetic energy is equal to zero because the velocity of the mass is zero. (b) As the mass moves
toward x = —A , the mass crosses the position x = 0. At this point, the spring is neither extended nor compressed, so the potential energy stored in the
spring is zero. At x = 0, the total energy is all kinetic energy where . (c) The mass continues to move until it reaches x = —A where the mass stops
and starts moving toward x = +A. At the position x = —A, the total energy is stored as potential energy in the compressed and the kinetic energy is
zero. (d) As the mass passes through the position x = 0, the kinetic energy is and the potential energy stored in the spring is zero. (¢) The mass
returns to the position x = +A, where K=0and .



Energy

x(t)=Acos(wt+¢)
x(t)=—A wsin(wt+¢)
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Graph of the kinetic energy, potential energy, and total energy of a block oscillating on a spring in
SHM. Also shown are the graphs of position versus time and velocity versus time. The total energy
remains constant, but the energy oscillates between kinetic energy and potential energy. When the
kinetic energy is maximum, the potential energy is zero. This occurs when the velocity is maximum
and the mass is at the equilibrium position. The potential energy is maximum when the speed is zero.
The total energy is the sum of the kinetic energy plus the potential energy and it is constant.
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A graph of the kinetic energy (red), potential energy (blue), and total energy (green) of a
simple harmonic oscillator. The force is equal to . The equilibrium position is shown as a
black dot and is the point where the force is equal to zero. The force is positive when x <
0, negative when x > 0, and equal to zero when x = 0.



Simple
harmonic

motion Is
EVERYWHERE
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Examples of equilibrium points. (a) Stable equilibrium point; (b) unstable equilibrium point;
(c) unstable equilibrium point (sometimes referred to as a half-stable equilibrium point).
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Two examples of a potential energy function. The force at a position is equal to the negative of the slope of the graph

at that position.

a) A potential energy function with a stable equilibrium point.
b)
the force on one side points toward the fixed point.

A potential energy function with an unstable equilibrium point. This point is sometimes called half-stable because
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The Lennard-Jones potential energy function for a system of two neutral atoms. If the
energy is below some maximum energy, the system oscillates near the equilibrium
position between the two turning points.



Comparison to
circular motion
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SHM can be modeled as rotational motion
by looking at the shadow of a peg on a
wheel rotating at a constant angular
frequency.

Peg
Vertical disk

Shadow
undergoes simple
harmonic oscillation
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Light shines down on the disk so that the peg
makes a shadow. If the disk rotates at just the
right angular frequency, the shadow follows the
motion of the block on a spring. If there is no
energy dissipated due to nonconservative
forces, the block and the shadow will oscillate
back and forth in unison. In this figure, four
snapshots are taken at four different times.

a)

The wheel starts at § = 0° and the shadow
of the peg is at x = +A, representing the
mass at position x = +A.

As the disk rotates through an angle 0 =
wt , the shadow of the peg is between x =
+A and x = 0.

The disk continues to rotate until § = 90°, at
which the shadow follows the mass to x =
0.

The disk continues to rotate, the shadow
follows the position of the mass.
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A peg moving on a circular path with a
constant angular velocity w is undergoing
uniform circular motion. Its projection on
the x-axis undergoes SHM. Also shown is
the velocity of the peg around the circle,
V... and its projection, which is v. Note that

these velocities form a similar triangle to
the displacement triangle.

Shadow :




Pendulums
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A simple pendulum has a small-diameter bob and a string that has a very small mass but
is strong enough not to stretch appreciably. The linear displacement from equilibrium is s,
the length of the arc. Also shown are the forces on the bob, which result in a net force of
—mg sin# toward the equilibrium position—that is, a restoring force.



==

openstax”

mg cost
A

s\

A physical pendulum is any object that oscillates as a pendulum, but cannot be modeled as a
point mass on a string. The force of gravity acts on the center of mass (CM) and provides the
restoring force that causes the object to oscillate. The minus sign on the component of the

weight that provides the restoring force is present because the force acts in the opposite
direction of the increasing angle 6.



Damped

oscillations
F=mx+bx+kx=0

—b
x(t)=Ae’" cos(wt+¢)
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Damped Oscillations
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For a mass on a spring oscillating in a viscous fluid, the period remains constant, but the
amplitudes of the oscillations decrease due to the damping caused by the fluid.
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Position versus time for the mass oscillating on a spring in a viscous fluid. Notice that the
curve appears to be a cosine function inside an exponential envelope.
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(c) b2 = 4mk

(b) b2 = 4mk

x (m)

(@) b2 < 4mk

Time (s)

The position versus time for three systems consisting of a mass and a spring in a viscous fluid.
(a) If the damping is small (), the mass oscillates, slowly losing amplitude as the energy is
dissipated by the non-conservative force(s). The limiting case is (b) where the damping is ().

(c) If the damping is very large (), the mass does not oscillate when displaced, but attempts to
return to the equilibrium position.



Forced
oscillations

F=mk+bx+kx=F,sin(wt)
x(t)=Acos(wt+¢)
FO

A: 2 2 2 2 2
Vm* (= ol)+b* o

W= 1| —
O \m



FIGURE 15.29

openstax-

P o TP o I o

~ S |

The paddle ball on its rubber band moves in response to the finger supporting it. If the finger
moves with the natural frequency f, of the ball on the rubber band, then a resonance is

achieved, and the amplitude of the ball’s oscillations increases dramatically. At higher and

lower driving frequencies, energy is transferred to the ball less efficiently, and it responds with
lower-amplitude oscillations.
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Forced, damped harmonic motion
produced by driving a spring and mass with
a disk driven by a variable-speed motor.
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Amplitude of a harmonic oscillator as a
Al function of the frequency of the driving
Small damping force. The curves represent the same
oscillator with the same natural frequency
but with different amounts of damping.
Resonance occurs when the driving
frequency equals the natural frequency,
Medium damping and the greatest response is for the least
amount of damping. The narrowest
response is also for the least damping.

Heavy damping
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Angular frequency

The quality of a system is defined as the spread in the frequencies at half the amplitude
divided by the natural frequency.



Examples
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Prove that using will produce the same results for the period for the oscillations
of a mass and a spring. Why do you think the cosine function was chosen?
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A mass m is attached to a spring and hung vertically. The mass is raised a short
distance in the vertical direction and released. The mass oscillates with a frequency f.
If the mass is replaced with a mass nine times as large, and the experiment was
repeated, what would be the frequency of the oscillations in terms of {?
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It is weigh-in time for the local under-85-kg rugby team. The bathroom scale used to assess
eligibility can be described by Hooke’s law and is depressed 0.75 cm by its maximum load
of 120 kg. (a) What is the spring’s effective force constant? (b) A player stands on the scales
and depresses it by 0.48 cm. Is he eligible to play on this under-85-kg team?
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The pendulum on a cuckoo clock is 5.00-cm long. What is its frequency?



EXERCISE 40 e 0

Motor Guide

Saw blade

Linkage

Reciprocating motion uses the rotation of a motor to produce linear motion up and
down or back and forth. This is how a reciprocating saw operates, as shown below. If
the motor rotates at 60 Hz and has a radius of 3.0 cm, estimate the maximum speed
of the saw blade as it moves left and right. This design is known as a scotch yoke.
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